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Outline

• We discuss various constructions of C∗-correspondences arising from
group representations and from group actions on graphs.

• The class of the associated Cuntz-Pimsner algebras is very large and in
some cases we can identify them as graph algebras or crossed products
and determine their K-theory.

• There are connections with Doplicher-Roberts algebras, Nekrashevych
algebras of self-similar group actions and with Cuntz-Pimsner algebras
considered by Kumjian.

• We illustrate with several examples.



C∗-correspondences

• Let A,B be C∗-algebras. A right Hilbert B-module X is a Banach space
with a right action of B and an B-valued inner product satisfying

〈ξ, ηb〉 = 〈ξ, η〉b, 〈ξ, η〉 = 〈η, ξ〉∗,

〈ξ, ξ〉 ≥ 0, and ||ξ|| = ||〈ξ, ξ〉||1/2.

• We say that X is a A–B C∗-correspondence if moreover there is a
∗-homomorphism φ : A→ LB(X ) which gives the left action, where
LB(X ) denotes the C*-algebra of all adjointable operators on X .

• Suppose A = B. A Toeplitz representation of the C∗-correspondence X
over A in a C∗-algebra D is a pair (τ, π) with τ : X → D a linear map
and π : A→ D a ∗-homomorphism, such that

τ(ξ · a) = τ(ξ)π(a), τ(ξ)∗τ(η) = π(〈ξ, η〉)

τ(a · ξ) = π(a)τ(ξ).



Cuntz-Pimsner algebras

• The universal C∗-algebra for such representations is called the Toeplitz
algebra of X , denoted by TX .

• There is a ∗-homomorphism ψ : KA(X )→ D such that

ψ(θξ,η) = τ(ξ)τ(η)∗,

where KA(X ) is the closed linear span of the operators
θξ,η(ζ) = ξ〈η, ζ〉.

• The Cuntz-Pimsner algebra OX is universal for Toeplitz representations
which are Cuntz-Pimsner covariant:

ψ(φ(a)) = π(a) for all a ∈ JX := φ−1(KA(X )) ∩ (kerφ)⊥.



C∗-algebras of graphs

• Let E = (E0,E1, r, s) be a directed graph with E0 and E1 at most
countable.

• If r−1(v) is finite for all v, the algebra C∗(E) is defined using
projections pv for v ∈ E0 and partial isometries ue for e ∈ E1 with

u∗e ue = ps(e) for e ∈ E1, pv =
∑

r(e)=v

ueu∗e for v ∈ r(E1).

• We view C∗(E) as the Cuntz-Pimsner algebra OX of the
C∗-correspondence X = XE over A = C0(E0), obtained as a
completion of Cc(E1) with the inner product

〈ξ, η〉(v) =
∑

s(e)=v

ξ(e)η(e), ξ, η ∈ Cc(E1)

and multiplications

(ξ · f )(e) = ξ(e)f (s(e)), (f · ξ)(e) = f (r(e))ξ(e).



C∗-correspondences from representations

• Let G be a locally compact group and let ρ : G→ U(H) be a unitary
representation.

• Let π = πρ : C∗(G)→ L(H) be the extension of ρ to the group
C∗-algebra,

π(f )ξ =
∫

G
f (t)ρ(t)ξdt for f ∈ L1(G), ξ ∈ H.

• Then E = E(ρ) = H⊗C C∗(G) becomes a C∗-correspondence over
C∗(G) with inner product

〈ξ ⊗ a, η ⊗ b〉 = 〈ξ, η〉a∗b

and operations

(ξ ⊗ a) · b = ξ ⊗ ab, a · (ξ ⊗ b) = π(a)ξ ⊗ b.



A first result

• Theorem (D). If G is a compact group and ρ : G→ U(H) is any
representation withH separable, then OE(ρ) is SME to a graph
C∗-algebra.
If πρ : C∗(G)→ L(H) is injective, then the graph has no sources.
If ρ ∼= ρ1 ⊕ ρ2, then the incidence matrix for the graph of ρ is the sum
of incidence matrices for ρ1 and ρ2.

• Proof (sketch). The group C∗-algebra C∗(G) decomposes as a direct
sum of matrix algebras Ai with units pi, indexed by the discrete set Ĝ.

• Let E be the graph with vertex space E0 = Ĝ and with edges
determined by the Aj-Ai C∗-correspondences pjE(ρ)pi.

• OE(ρ) is isomorphic to the C∗-algebra of a graph of
C∗-correspondences in which we assign the algebra Ai at the vertex vi

and the minimal components of pjE(ρ)pi for each edge from vi to vj.
• By construction, this C∗-algebra is SME to C∗(E).



Example: S3
• Donote by S3 the symmetric group. Then Ŝ3 = {ι, ε, σ} and the graphs

associated with the representations ι, ε and σ are
•
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Example: S3

• For ρ = σ ⊗ σ we get the following graph of C∗-correspondences
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C CC

M2C

C2

M2

C

with incidence matrix

Bσ⊗σ = Bι + Bε + Bσ =

 1 1 1
1 1 1
1 1 2

 .



Example: cyclic groups

• Any representation ρ of a cyclic group G is determined by a unitary
ρ(1) ∈ U(H) that decomposes into characters.

• If G = Z/nZ, then Ĝ = {χ1, ..., χn} and E(ρ) determines a graph with
n vertices and incidence matrix [aji], where aji = dimχjHχi.

• For G = Z, assume thatH = L2(X, µ) for a measure space (X, µ) and
that ρ(1) = Mϕ, the multiplication operator with a function ϕ : X → T.

• Then E(ρ) = L2(X, µ)⊗ C∗(Z) ∼= C(T,L2(X, µ)) becomes a
C∗-correspondence over C∗(Z) ∼= C(T) with operations

〈ξ, η〉(k) = 〈ξ(k), η(k)〉L2(X,µ), for ξ, η ∈ Cc(Z,L2(X, µ))

and

(ξ · f )(k) =
∑

k

ξ(k)f (k), (f · ξ)(k) =
∑

k

f (k)ϕkξ(k),

for f ∈ Cc(Z), ξ ∈ Cc(Z,L2(X, µ)).



Example: cyclic groups

• If dim L2(X, µ) = n is finite, then the function ϕ is given by
(w1, ...,wn) ∈ Tn and E(ρ) is isomorphic to the C∗-correspondence of
the following topological graph.

• The vertex space is E0 = T, the edge space is E1 = T× {1, 2, ..., n},
and the source and range maps are

s : E1 → E0, s(z, k) = z, r : E1 → E0, r(z, k) = wkz.

• If λ is the left regular representation of G = Z on `2(Z), we will see that
OE(λ) is simple and purely infinite with the same K-theory as C(T).



Kumjian’s construction

• Theorem (Kumjian). Let A be a separable unital C∗-algebra and let
π : A→ L(H) be a faithful representation such that
π(A) ∩ K(H) = {0}.

• Then E = H⊗C A is a C∗-correspondence such that OE ∼= TE is
simple, purely infinite and KK-equivalent to A.

• Corollary. Let G be an infinite, discrete and amenable group, and let
λ : G→ U(`2(G)) be the left regular representation. Then OE is
simple and purely infinite, KK-equivalent to C∗(G).

• Proof. Since G is amenable, the representation
πλ : C∗(G)→ L(`2(G)) induced by λ is faithful. Since G is infinite,

πλ(C∗(G)) ∩ K(`2(G)) = {0}.



Example: R
• Let G = R and let µ be the Lebesgue measure on R.
• Consider the representation

ρ : R→ U(L2(R, µ)), (ρ(t)ξ)(s) = eitsξ(s)

which extends to the Fourier transform πρ on C∗(R) ∼= C0(R), where

(πρ(f )ξ)(s) =
∫
R

f (t)eitsξ(s)dµ(t), for f ∈ L1(R, µ), ξ ∈ L2(R, µ).

• It is known that ρ is equivalent to the right regular representation of R
and that ρ is a direct integral of characters χt, where χt(s) = eits.

• Then E(ρ) = L2(R, µ)⊗ C∗(R) ∼= C0(R,L2(R, µ)) becomes a
C∗-correspondence over C∗(R) ∼= C0(R) such that the left
multiplication is injective and πρ(C0(R)) ∩ K(L2(R, µ)) = {0}.

• It follows that OE(ρ) has the K-theory of C0(R), but since C0(R) is not
unital, we cannot apply Kumjian’s Theorem to conclude that this
algebra is simple or purely infinite.



The crossed product C∗-correspondence

• Let G be locally compact and let ρ : G→ U(H) be a representation
with dimH = n ∈ {1, 2, 3, ...} ∪ {∞}.

• Then D(ρ) = H⊗C C∗(G) with the same inner product and right
multiplication as E(ρ) becomes a C∗-correspondence using the left
multiplication

(h · ξ)(t) =
∫

G
h(s)ρ(s)ξ(s−1t)ds

for ξ ∈ Cc(G,H) and h ∈ Cc(G).
• This left multiplication is always injective and D(ρ) is nondegenerate.
• Theorem. The representation ρ determines a quasi-free action of G on

the Cuntz algebra On such that OD(ρ)
∼= On oρ G.



The abelian case

• If G is compact and abelian, then ρ decomposes into characters and
determines a cocycle c : E1

n → Ĝ, where En is the graph with one vertex
and n edges.

• On oρ G is isomorphic to C∗(En(c)), where En(c) is the skew product
graph (Ĝ, Ĝ× E1

n, r, s) with

r(χ, e) = χc(e), s(χ, e) = χ.

• If G = T and λ : T→ U(L2(T)) is the left regular representation, then
O∞ oλ T is isomorphic to the graph algebra where the vertices are
labeled by Z and the incidence matrix has each entry equal to 1.

• If G = R and n is finite, Kishimoto and Kumjian showed that On oρ R
is simple and purely infinite if the corresponding characters generate R
as a closed semigroup.



Group actions on C∗-correspondences

• A group action on a C∗-correspondence X over A is a homomorphism
ρ : G→ LC(X ) with values invertible C-linear operators on X and an
action of G on A by ∗-automorphisms such that

〈ρ(g)ξ, ρ(g)η〉 = g · 〈ξ, η〉,

ρ(g)(ξa) = (ρ(g)ξ)(g · a), ρ(g)(a · ξ) = (g · a)(ρ(g)ξ).
• A group action on a graph E determines an action on XE by

(ρ(g)ξ)(e) = ξ(g−1 · e) for ξ ∈ Cc(E1),

(g · a)(v) = a(g−1 · v) for a ∈ C0(E0).

• By the universal property, an action of G on XE determines an action of
G on C∗(E) and an action on the core AF-algebra C∗(E)T.



Crossed products

• Let A be a C∗-algebra and let X be a C∗-correspondence over A. An
action of G on X determines an action on the Cuntz-Pimsner algebra
OX .

• The crossed product X o G = X ⊗A (A o G) becomes a
C∗-correspondence over A o G after the completion of Cc(G,X ) using
the operations

〈ξ, η〉(t) =
∫

G
s−1 · 〈ξ(s), η(st)〉ds,

(ξ · f )(t) =
∫

G
ξ(s)(s · f (s−1t))ds, (f · ξ)(t) =

∫
G

f (s) · (s · ξ(s−1t))ds,

where ξ ∈ Cc(G,X ), f ∈ Cc(G,A). Recall
• Theorem (Hao, Ng). If G is amenable, then

OXoG ∼= OX o G.



Another result

• Theorem (D). Given a discrete locally finite graph E and a finite group
G acting on E, the crossed product C∗(E)o G is the C∗-algebra of a
graph of minimal C∗-correspondences.

• Hence C∗(E)o G is SME to a graph C∗-algebra, where the number of
vertices is the cardinality of the spectrum of C0(E0)o G.

• Proof (sketch). Recall that if G acts on a finite or countable set X, then
C0(X)o G decomposes as a direct sum of crossed products C(Gx)o G
over the orbit space X/G.

• Since the action on each orbit Gx is transitive, this can be identified
with G/Gx, where Gx is the stabilizer group and G acts on G/Gx by left
multiplication. Moreover,

C(G/Gx)o G ∼= M|Gx| ⊗ C∗(Gx).



Sketch of Proof

• We decompose the C∗-correspondence XE o G over the C∗-algebra
C0(E0)o G.

• Let C0(E0)o G ∼=
n⊕

i=1

Ai, where n ∈ N ∪ {∞} and Ai are simple

matrix algebras. This decomposition is obtained in two stages, from the
orbits in E0 and from the characters of the stabilizer groups.

• Consider the graph with n vertices and at each vertex vi we assign the
C∗-algebra Ai.

• The edges and the assigned C∗-correspondences are constructed from
the orbits in E1 and multiplicities.

• C∗(E)o G is isomorphic to the C∗-algebra of this graph of (minimal)
C∗-correspondences.

• Corollary. We have C∗(E)T o G ∼= (C∗(E)o G)T.



Example

• For the permutation action of S3 on the O3 graph we get the following
graph of C∗-correspondences for O3 o S3:
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Exel-Pardo C∗-correspondences
• Let G be a group acting on a graph E = (E0,E1, r, s). Recall that G acts

on A = C0(E0) and on X = XE by

αg(f )(v) = f (g−1v), f ∈ C0(E0), γg(ξ)(e) = ξ(g−1e), ξ ∈ Cc(E1).

• A cocycle is a map ϕ : G× E1 → G such that ϕ(g, e) · s(e) = g · s(e)
for all (g, e) ∈ G× E1. Particular case ϕ(g, e) = g.

• Define an action of G on the Hilbert module XE oγ G by

(Vgξ)(e, h) = ξ(g−1e, ϕ(g−1, e)h), ξ ∈ Cc(E1 × G).

• Together with the left action of C0(E0) on XE oγ G given by

(π(f )ξ)(e, h) = f (r(e))ξ(e, h),

we get a covariant representation (π,V) of (C0(E0),G, α).
• This induces a map C0(E0)oα G→ L(XE oγ G), so XE oγ G

becomes a C∗-correspondence XE(ϕ) over C0(E0)oα G.
• The Cuntz-Pimsner algebra OXE(ϕ) is the Exel-Pardo algebra

associated to (E,G, ϕ).



Example: Katsura algebras

• To realize all Kirchberg algebras as topological graph algebras and to
lift automorphisms of K-theory groups, Katsura introduced the algebras
OA,B for certain n× n matrices A,B with integer entries.

• Using generators and relations, Exel and Pardo proved that
OA,B ∼= OXE(ϕ), where

• The matrix A is the incidence matrix of a finite graph E and the matrix
B defines an action of Z on E.

• This action fixes the vertices and if the edges from i to j are labeled eijn

for 0 ≤ n < Aij, then m · eijn = eijr, where mBij + n = qAij + r with
0 ≤ r < Aij.

• The cocycle is ϕ : Z× E1 → Z, ϕ(m, eijn) = q.



Self-similar actions

• Let X be a finite alphabet with n letters and let X∗ =
∞⋃

k=0

Xk be the set of

finite words with X0 = {∅}.
• An action of G on X∗ is self-similar if for all g ∈ G and x ∈ X there

exist unique y ∈ X and h ∈ G such that

g · (xw) = y(h · w)

for all w ∈ X∗.
• A self-similar action comes from an action of G on the graph En with

one vertex and n loops.
• The cocycle is given by ϕ(g, e) = h, where g · (xe) = y(h · e), since X∗

is the space of finite paths in En.
• Let TX be the universal cover of En, which is a directed tree. We obtain
• Theorem. There is an action of G on TX and on the boundary ∂TX such

that C∗(TX)o G is SME with C0(∂TX)o G.



Examples

• The odometer. Let X = {0, 1} and G = Z = 〈a〉 where

a · (0w) = 1w, a · (1w) = 0(a · w),w ∈ X∗.

• It is known that ∂TX is a Cantor set, the action of Z on ∂TX is minimal
and C0(∂TX)o Z is the Bunce-Deddens algebra BD(2∞).

• It follows that C∗(TX)o Z is SME with BD(2∞).
• The Basilica group. For X = {x, y} and G = 〈a, b〉 ⊂ Aut(TX), where

a · (xw) = y(b · w), a · (yw) = xw,

b · (xw) = x(a · w), b · (yw) = yw,

we get an action of G on C∗(TX).
• Question. What are C∗(TX)

G,C∗(TX)o G,K0(C∗(TX)o G) ?



Doplicher-Roberts algebras

• The Doplicher-Roberts algebra Oρ associated to a unitary
representation ρ of a compact Lie group G onH = Cn were introduced
to construct a new duality theory which strengthens the Tannaka-Krein
duality.

• Consider ρk : G→ U(H⊗k) the tensor power, and let

(ρm, ρk) = {T : H⊗k → H⊗m | Tρk = ρmT}.

• It follows that the linear span of
⋃
m,k

(ρm, ρk) has a natural multiplication

and involution, after identifying T with T ⊗ I.
• The Doplicher-Roberts algebra Oρ is defined as the C∗-closure of the

linear span of
⋃
m,k

(ρm, ρk).

• The C∗-algebra Oρ is identified with the fixed point algebra OG
n , where

On is the Cuntz algebra.



Higher-rank DR algebras (Albandik, Meyer)

• Let G be a compact group, let ρ1, ρ2, ..., ρk be finite dimensional
representations and for m = (m1, ...,mk) ∈ Nk let
ρm = ρ⊗m1

1 ⊗ · · · ⊗ ρ⊗mk
k acting on Vm.

• Fix π : G→ U(H) which contains each irreducible representation of G
and construct a product system E over (Nk,+) where
Em ⊆ K(H,Vm ⊗H) is the space of compact intertwiners between π
and ρm ⊗ π.

• There are natural associative multiplication maps Em1 × Em2 → Em1+m2

and an E0-valued inner product on Em given by 〈T1,T2〉 = T∗1 T2 such
that Em1 ⊗E0 Em2

∼= Em1+m2 .
• The higher-rank Doplicher-Roberts algebra for ρ1, ρ2, ..., ρk relative to
π is the Cuntz-Pimsner algebra of the product system (Em)m∈Nk .
Different choices of π give SME algebras.

• It seems unlikely that these algebras are higher-rank graph algebras.
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