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Motivation

@ Notation:-
2 Separable Hilbert Space,
Z () : all bounded linear operators on 7.
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Motivation

@ Notation:-
¢ . Separable Hilbert Space,
Z () : all bounded linear operators on 7.

@ Question:- Given Ty, T, € Z(s¢), when there exists a unitary
operator U on 2 such that T, = U*T, U.

@ In general, solution of this problem is not easy but for some
special classes of operators one has affirmative answer.
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@ For example, a normal operator on a finite dimensional
space. Eigenvalues together with their multiplicity determine
the operator up to unitary equivalence.
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essentially the same.
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@ For example, a normal operator on a finite dimensional
space. Eigenvalues together with their multiplicity determine
the operator up to unitary equivalence.

@ In case of infinite dimensional Hilbert space result is
essentially the same.

@ Set of eigenvalues of a normal operator defined on a
separable Hilbert space is at most countable.
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@ There exist operators whose point spectrum contains an
open set.
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@ There exist operators whose point spectrum contains an
open set.

@ For example, the backward shift $* on (2(N) defined by
S*(%aa]v(XQ"") = (a]a(XQvaSv"')

for (og, o, 0p,...) € 2(N).
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@ There exist operators whose point spectrum contains an
open set.

@ For example, the backward shift $* on (2(N) defined by
S*(%va]v(XQ"") = (a]u(XQvaSv"')

for (og, o, 0p,...) € 2(N).
(1,A,42,...) € /2(N) for |A| < 1, we see that

D C 0p(5%) € a(5),
whereD:={zeC:|z| < 1},
0p(S*) :=={a e C: S —al is not one-one}
and

o(S*) :={a e C: S —al is notinvertible}.
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@ Cowen-Douglas initiated a systematic approach to study
such operators.
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@ Cowen-Douglas initiated a systematic approach to study
such operators.
Definition
Given a bounded, open and connected subset Q of C and

n € N, the Cowen-Douglas class Bx(£2) consists of operators T
satisfying the following condifions:

(M Qco(T)={weC:T-w is not invertible}:
(2) ran (T—w) = for win Q;

) span{ker(T—w):w e Q}is dense in s#; and
(4) dim ker(T—w)=nforwin Q.

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 5/25



Example
H?> = {f € O(D): f(2) = L_qOnZ", Xooolan|? < oo} M € By(D).
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Example
H?> = {f € O(D): f(2) = L_qOnZ", Xooolan|? < oo} M € By(D).

Example

2
[2(D) = {f € O(D): f(2) = X g nZ", Tog 9l < oo}, M € By (D).
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@ There is a Hermitian holomorphic vector bundle Ey
corresponding to each T € By(Q2), where

Er ={(w,x) e Qx#Z :xeker(T-—w)}, n(w,X) = w.
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@ There is a Hermitian holomorphic vector bundle Ey
corresponding to each T € By(Q2), where

Er ={(w,x) e Qx#Z :xeker(T-—w)}, n(w,X) = w.

Theorem (Cowen-Douglas)

Operators T and Tin Bnh(Q2) are unitarily equivalent if and only if

the corresponding Hermitian holomorphic vector bundles Er and
E; are equivalent.
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@ Cowen-Douglas also find complete set of invariant
consisting of curvature of J# of Er and a certain number of
its covariant derivative.
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@ Cowen-Douglas also find complete set of invariant
consisting of curvature of J# of Er and a certain number of
its covariant derivative.

@ But these invariant are not easy to calculate, usually, unless
n=1.
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@ Cowen-Douglas also find complete set of invariant
consisting of curvature of J# of Er and a certain number of
its covariant derivative.

@ But these invariant are not easy to calculate, usually, unless
n=1.

@ For n=1, the curvature #7 of the bundles E; is given by the
formula

Hr(w) = 5255 loglly(w)|2aW A dw

for some non zero section y of Er.
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@ Cowen-Douglas also find complete set of invariant
consisting of curvature of J# of Er and a certain number of
its covariant derivative.

@ But these invariant are not easy to calculate, usually, unless
n=1.

@ For n=1, the curvature #7 of the bundles E; is given by the
formula

Hr(w) = 5255 loglly(w)|2aW A dw

for some non zero section y of Er.

@ Operators T and T in B;(Q) are equivalent if and only if the
curvatures 7(w) and J#(w) are equal.
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Theorem (Jiang-Wang)

Given T € Bn(Q2), there exist By(Q2) operators Ty, Ty,...,T,_1 such

that
To *
T

0 Tn—]

with respect to some decomposition of # = @], of Hilbert
space .

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 9/25



@ Converse of above theorem is also true.
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@ Converse of above theorem is also true.
@ First we will discus case when n= 2.
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@ Converse of above theorem is also true.
@ First we will discus case when n= 2.

Definifion
We let .# B,(Q2) denote the set of operators of the form

(T S
T‘(o n)
for some To, Ty € B1(2) and non zero operator S such that
ToS = ST;.
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Definition
An operator T is called homogeneous if 6(T) C D and ¢(T) = T for
all ¢ € moéb.

Example
If T € By(D), irreducible and homogeneous then T € .7 By(D).
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Theorem
Every operators in .7 B,(QQ) are irreducible.
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Theorem
Every operators in .7 B,(QQ) are irreducible.

@ To prove above Theorem, we need to infroduce some
notation:

o o1 L(H) = L(H), o1(X) = TX—XT, where T € £().
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Theorem
Every operators in .7 B,(QQ) are irreducible.

@ To prove above Theorem, we need to infroduce some
notation:
@ or: L(H)— L(H), o1(X)=TX—XT, where T € L(#).
o T Z(#),is quasi-nipotent if limp_.. || T7||'/" =0
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Theorem (Kleinecke, Shirokov)
For P,T € #(s7), if P € ker ornranoy then P is quasi-nilpotent.

Lemma

ForT,T € By(Q) and X € £(¢) such that XT = TX, then X has
dense range if and only if X is non zero.

Lemma

Let T € By(Q2) and X € £(¢) is quasi-nilootent such that XT = TX
then X =0.
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Proof.

Pii Prg

@ let P=
<P21 P2o

> be a projection such that PT = TP

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 14 /25



Proof.

Py Py
Po1 Py
@ PT =TP = Py S € ker oy, Nran o,

@ letP= < > be a projection such that PT = TP
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Proof.

P Pr2
Po1 Pxo
@ PT =TP = Py S € ker oy, Nran o,
@ By previous lemmas, P;;S=0

@ letP= < > be a projection such that PT = TP
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Proof.

Py P2
Po1 Pxo
@ PT =TP = Py S € ker oy, Nran o,
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@ letP= < > be a projection such that PT = TP
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Proof.

P Pr2
Po1 Pxo
@ PT =TP = Py S € ker oy, Nran o,
@ By previous lemmas, P;;S=0

@ Shasdense range = P, =0

@ Pis self adjoint = P;, =0

@ letP= < > be a projection such that PT = TP
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Proof.

o LetP= <P n P 12) be a projection such that PT = TP
Py Pxo

@ PT =TP = Py S € ker oy, Nran o,

@ By previous lemmas, P;;S=0

@ Shasdense range = P, =0

@ Pis self adjoint = P;, =0

@ Pyy and Py, are projections such that Py Io = IoPy; and

PooTy = T1 Py
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Proof.

o LetP= <P n P 12) be a projection such that PT = TP
Py Pxo

@ PT =TP = Py S € ker oy, Nran o,

@ By previous lemmas, P;;S=0

@ Shasdense range = P, =0

@ Pis self adjoint = P;, =0

@ Pyy and Py, are projections such that Py Io = IoPy; and

PooTy = T1 Py
Pyy =lorO0Oand Py, =/or0
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Proof.

Py P2
Po1 Pxo
@ PT =TP = Py S € ker oy, Nran o,
@ By previous lemmas, P;;S=0

@ Shasdense range = P, =0
°
°

@ letP= < > be a projection such that PT = TP

P is self adjoint = P, =0

P71 and Py, are projections such that Py Ty = ToPy; and
PooTy = Th P

Pyy =lorO0Oand Py, =/or0

P]]S: SP22 = P]] :P22:00|' P]] = P22:/

]
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Any intertwining unitary between two operators in .% By(Q) is
diagonal, in other words,

Theorem

LetU= (U” U12> be a unitary operator such that
Upy U

(UH U12) (To 5): o S (UH U12>
Uy Uxp)\O0 T 0 T/ \Uy Up

then U]Q = U2] =0.
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Corollary

r= (60 TS) T= (@ S): To,Th € B1(Q). ToS= STy and TS = 5T5.
1 1

|

T=To8=6®S, forsome6cR.
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Corollary

|

r= (20 TS) T= (@ S): To,Th € B1(Q). ToS= STy and TS = 5T5.
1 1

TTo8=¢6%S, forsome6cR.

Corollary

LetT;: 7 — ,i=0,1 be bounded linear operators and
I, To € %,(Q). Let S be a bounded linear operators such that

STy = 1S. Let u be positive real number. Set, T, = (gj ”TS> Ty is
1

unitarily equivalent fo Ty if and only if u = fi.
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Theorem

LetT,T e FBy(Q), T= o S\ 5_(h 3 . Lett, and f, be non
0 T] 0 T]

zero section of Er, and ET] respectively.

Tt oty = oy, SO _ ISR ¢ o

[H (W)l 1 (w)]|

Equivalently,

= 7'<:><)ng0 :‘%/To’ and 6y, = é12a

where 6, is second fundamental form of £, in Er.
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Proof.
=

Uy 0\ (Tob S\ (To S\/u O
°<0 Uz) <0 T1>_<0 71)(0 Uz)
o Us(S(h)) = ¢1(S(h)) and Upt = goty

® UiS=S5Ur= ¢, =

S(I2 _ 15(H)I12
® Jt, = A5, and et = Lty
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Proof.
=

o (U O h S\ _ (To S\/u O
0 U 0O I/ \o 7'1 0 U
© Ui(S(h)) = 01(5(h)) and Upty = o1y
0 U1S=SUs = ¢1 = ¢
2 (% \112
o Sty = b, and 1SUIE _ 15
P

@ Set, pp(w) := S(h(w)). To(w) := S(h(w)). .
n(w) = £ 10(w)— h(w) and 7 (w) := 5% i(w) — h(w)
o 1, =5 = |nll® = 19127l

2
;= \'l;ﬂ:Q 4112 = o[22

O V:Er— £ V(p)=9% and ¥(n) =o'+ %
° (W(m Wy =my) for0O<ij<1.

Ol
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Theorem
Ih S
TeﬂBQ(D),T:(g T1>'

I is a homogeneous operafor <
(1) Toand T, are homogeneous;
(2) 7, = 7, + Hp., Bis Bergman shift,

(3) S(H(w)) = arp(w) whereym(w)ﬁ_mand
I6(W)IP = sy Aok € R
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Definition
We let .7 By(Q2) be the set of all operators T defined on complex
separable Hilbert space 77 = 74 @ --- & ;1 which is of the form

To S0 So2 -+ Son-i

0O T S22 - Sipo
=\ o

o .- 0 Tn—2 Sn—2,n—1

0 ... ... 0 T

where T;: 7 — 7, defined on the complex separable Hilbert
space 7, 0<i<n-1,is assumed to be in B;(Q2) and

Sijit1: i — S, 1s assumed to be a non-zero intertwining
operator, namely, T;S i1 = S;i11741,0< i1 <n-2.
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Theorem
Every operators in .7 Bn(2) are irreducible.
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Theorem
Every operators in .7 Bn(2) are irreducible.

Theorem

T, Te F Bn(Q).
T~T« there exist unitary operators U; : ji”—>%” i=
0,1,---n—1such that UiT,Us = T and U;S;; = §;;U;, for any i < j.
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Theorem

Suppose T is an operator in #Bp(Q2) and that t,_y is a
non-vanishing section of Er_ . Then

@ the curvature 7.

° Hﬁiﬁ\]lu' where fi_1 =51 (1), 1 <i<n-1;

° %,O§k<lgn—2 withi—j> 2.

are a complete set of unitary invariants for the operator T,
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Corollary

—2
I

0
0

nxn

Sn—2,n—1
Tn—]

nxn

1276 5 =691, ER0<j<n-2
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Corollary

To moS1 O
0O TN wmSp
T/J = o o . . i )
0 0 0 Th-2  Hn-2Sn-2,n-1
0 0 0 0 Th1

where u; >0,0<i<n—-2, u=(Uo,...,1un_2). Ty is unitarily
equivalent fo Ty if and only if p = fi.

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 24 /25



Thank You and Happy
Birtfhday to Prof. Baruch
Solel
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