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Motivation

Notation:-
H : Separable Hilbert Space,
L (H ) : all bounded linear operators on H .

Question:- Given T1,T2 ∈L (H ), when there exists a unitary
operator U on H such that T2 = U∗T1U.
In general, solution of this problem is not easy but for some
special classes of operators one has affirmative answer.
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For example, a normal operator on a finite dimensional
space. Eigenvalues together with their multiplicity determine
the operator up to unitary equivalence.

In case of infinite dimensional Hilbert space result is
essentially the same.
Set of eigenvalues of a normal operator defined on a
separable Hilbert space is at most countable.
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There exist operators whose point spectrum contains an
open set.

For example, the backward shift S∗ on `2(N) defined by

S∗(α0,α1,α2, . . .) = (α1,α2,α3, . . .)

for (α0,α1,α2, . . .) ∈ `2(N).
(1,λ ,λ 2, . . .) ∈ `2(N) for |λ |< 1, we see that

D⊆ σp(S∗)⊆ σ(S∗),

where D := {z ∈ C : |z|< 1},

σp(S∗) := {α ∈ C : S∗−α I is not one-one}

and
σ(S∗) := {α ∈ C : S∗−α I is not invertible}.
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Cowen-Douglas initiated a systematic approach to study
such operators.

Definition
Given a bounded, open and connected subset Ω of C and
n ∈ N, the Cowen-Douglas class Bn(Ω) consists of operators T
satisfying the following conditions:

(1) Ω⊂ σ(T ) = {w ∈ C : T −w is not invertible};

(2) ran (T −w) = H for w in Ω;

(3) span{ker(T −w) : w ∈ Ω} is dense in H ; and

(4) dim ker(T −w) = n for w in Ω.
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Example

H2 = {f ∈ O(D) : f (z) = ∑
∞

n=0 anzn, ∑
∞

n=0 |an|2 < ∞}. M∗z ∈ B1(D).

Example

L2
a(D) = {f ∈ O(D) : f (z) = ∑

∞

n=0 anzn, ∑
∞

n=0
|an|2
n+1 < ∞}. M∗z ∈ B1(D).
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There is a Hermitian holomorphic vector bundle ET
corresponding to each T ∈ Bn(Ω), where

ET := {(w ,x) ∈ Ω×H : x ∈ ker(T −w)}, π(w ,x) = w .

Theorem (Cowen-Douglas)

Operators T and T̃ in Bn(Ω) are unitarily equivalent if and only if
the corresponding Hermitian holomorphic vector bundles ET and
ET̃ are equivalent.
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Cowen-Douglas also find complete set of invariant
consisting of curvature of K of ET and a certain number of
its covariant derivative.

But these invariant are not easy to calculate, usually, unless
n = 1.
For n = 1, the curvature KT of the bundles ET is given by the
formula

KT (w) = ∂ 2

∂w∂w̄ log‖γ(w)‖2dw̄ ∧dw

for some non zero section γ of ET .
Operators T and T̃ in B1(Ω) are equivalent if and only if the
curvatures KT (w) and KT̃ (w) are equal.
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Theorem (Jiang-Wang)
Given T ∈ Bn(Ω), there exist B1(Ω) operators T0,T1, . . . ,Tn−1 such
that

T =


T0 ∗

T1
. . .

0 Tn−1


with respect to some decomposition of H =⊕n

i=1Hi of Hilbert
space H .
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Converse of above theorem is also true.

First we will discus case when n = 2.

Definition
We let FB2(Ω) denote the set of operators of the form

T =

(
T0 S
0 T1

)
for some To,T1 ∈ B1(Ω) and non zero operator S such that
T0S = ST1.

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 10 / 25



Converse of above theorem is also true.
First we will discus case when n = 2.

Definition
We let FB2(Ω) denote the set of operators of the form

T =

(
T0 S
0 T1

)
for some To,T1 ∈ B1(Ω) and non zero operator S such that
T0S = ST1.

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 10 / 25



Converse of above theorem is also true.
First we will discus case when n = 2.

Definition
We let FB2(Ω) denote the set of operators of the form

T =

(
T0 S
0 T1

)
for some To,T1 ∈ B1(Ω) and non zero operator S such that
T0S = ST1.

D.K Keshari (NISER) Rigidity of flag structure for C-D class June 18-22, 2017 10 / 25



Definition
An operator T is called homogeneous if σ(T )⊆ D̄ and φ(T )∼= T for
all φ ∈möb.

Example
If T ∈ B2(D), irreducible and homogeneous then T ∈FB2(D).
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Theorem
Every operators in FB2(Ω) are irreducible.

To prove above Theorem, we need to introduce some
notation:

σT : L (H )→L (H ), σT (X) = TX −XT , where T ∈L (H ).

T ∈L (H ), is quasi-nilpotent if limn→∞ ‖T n‖1/n = 0
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Theorem (Kleinecke, Shirokov)
For P,T ∈L (H ), if P ∈ ker σT ∩ ranσT then P is quasi-nilpotent.

Lemma

For T , T̃ ∈ B1(Ω) and X ∈L (H ) such that XT = T̃ X , then X has
dense range if and only if X is non zero.

Lemma
Let T ∈ B1(Ω) and X ∈L (H ) is quasi-nilpotent such that XT = TX
then X = 0.
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Proof.

Let P =

(
P11 P12
P21 P22

)
be a projection such that PT = TP

PT = TP ⇒ P21S ∈ ker σT1
∩ ranσT1

By previous lemmas, P21S = 0
S has dense range⇒ P21 = 0
P is self adjoint⇒ P12 = 0
P11 and P22 are projections such that P11T0 = T0P11 and
P22T1 = T1P22

P11 = I or 0 and P22 = I or 0
P11S = SP22 ⇒ P11 = P22 = 0 or P11 = P22 = I
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Any intertwining unitary between two operators in FB2(Ω) is
diagonal, in other words,

Theorem

Let U =

(
U11 U12
U21 U22

)
be a unitary operator such that

(
U11 U12
U21 U22

)(
T0 S
0 T1

)
=

(
T̃0 S̃
0 T̃1

)(
U11 U12
U21 U22

)
then U12 = U21 = 0.
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Corollary

T =

(
T0 S
0 T1

)
, T̃ =

(
T0 S̃
0 T1

)
; T0,T1 ∈ B1(Ω), T0S = ST1 and T0S̃ = S̃T1.

T ∼= T̃ ⇔ S̃ = eiθ S, for some θ ∈ R.

Corollary
Let Ti : Hi →Hi , i = 0,1 be bounded linear operators and
T1,T0 ∈B1(Ω). Let S be a bounded linear operators such that

ST1 = T0S. Let µ be positive real number. Set, Tµ =

(
T0 µS
0 T1

)
. Tµ is

unitarily equivalent to Tµ̃ if and only if µ = µ̃.
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Theorem

Let T , T̃ ∈FB2(Ω), T =

(
T0 S
0 T1

)
, T̃ =

(
T̃0 S̃
0 T̃1

)
. Let t1 and t̃1 be non

zero section of ET1
and ET̃1

respectively.

T ∼= T̃ ⇔KT0
= KT̃0

,
‖S(t1)(w)‖
‖t1(w)‖

=
‖S̃(t̃1)(w)‖
‖t̃1(w)‖

, for all w ∈ Ω.

Equivalently,

T ∼= T̃ ⇔KT0
= KT̃0

, and θ12 = θ̃12,

where θ12 is second fundamental form of ET0
in ET .
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Proof.
⇒ (

U1 0
0 U2

)(
T0 S
0 T1

)
=

(
T̃0 S̃
0 T̃1

)(
U1 0
0 U2

)
U1(S(t1)) = φ1(S̃(t̃1)) and U2t1 = φ2t̃1

U1S = S̃U2⇒ φ1 = φ2

KT0
= KT̃0

and ‖S(t1)‖2
‖t1‖2

= ‖S̃(t̃1)‖2

‖t̃1‖2

⇐
Set, γ0(w) := S(t1(w)), γ̃0(w) := S̃(t̃1(w)),
γ1(w) := ∂

∂w γ0(w)− t1(w) and γ̃1(w) := ∂

∂w γ̃0(w)− t̃1(w)

KT0
= KT̃0

⇒‖γ0‖2 = |φ |2‖γ̃0‖2

‖γ0‖2
‖t1‖2

= ‖γ̃0‖2

‖t̃1‖2
⇒‖t1‖2 = |φ |2‖t̃1‖2

Ψ : ET → ET̃ , Ψ(γ0) = φ γ̃0 and Ψ(γ1) = φ ′γ̃0 + φ γ̃1

〈Ψ(γi),Ψ(γj)〉= 〈γi ,γj〉, for 0≤ i, j ≤ 1.
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Theorem

T ∈FB2(D), T =

(
T0 S
0 T1

)
.

T is a homogeneous operator⇔
(1) T0 and T1 are homogeneous;

(2) KT0
= KT1

+KB∗ , B is Bergman shift;

(3) S(t1(w)) = αγ0(w) where ‖t1(w)‖2 =
1

(1−|w |2)µ
and

‖γ0(w)‖2 =
1

(1−|w |2)λ
, λ ,µ ∈ R+.
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Definition
We let FBn(Ω) be the set of all operators T defined on complex
separable Hilbert space H = H0⊕·· ·⊕Hn−1 which is of the form

T =


T0 S0,1 S0,2 · · · S0,n−1
0 T1 S1,2 · · · S1,n−1
...

. . . . . . . . .
...

0 · · · 0 Tn−2 Sn−2,n−1
0 · · · · · · 0 Tn−1


where Ti : Hi →Hi , defined on the complex separable Hilbert
space Hi , 0≤ i ≤ n−1, is assumed to be in B1(Ω) and
Si,i+1 : Hi+1→Hi , is assumed to be a non-zero intertwining
operator, namely, TiSi,i+1 = Si,i+1Ti+1,0≤ i ≤ n−2.
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Theorem
Every operators in FBn(Ω) are irreducible.

Theorem

T , T̃ ∈FBn(Ω).
T ∼= T̃ ⇔ there exist unitary operators Ui : Hi → H̃ , i =
0,1, · · ·n−1 such that Ui T̃iU∗i = Ti and UiSi,j = S̃i,jUj , for any i < j.
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Theorem
Suppose T is an operator in FBn(Ω) and that tn−1 is a
non-vanishing section of ETn−1

. Then

the curvature KT0
,

‖ti−1‖
‖ti‖

, where ti−1 = Si−1,i(ti),1≤ i ≤ n−1;
〈Sk ,l (tl ),tk 〉
‖tk‖2

,0≤ k < l ≤ n−2 with i− j ≥ 2.

are a complete set of unitary invariants for the operator T .
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Corollary

T =


T0 S0,1 0 · · · 0

0 T1 S1,2
. . . 0

...
...

. . . . . .
...

0 0 0 Tn−2 Sn−2,n−1
0 0 0 0 Tn−1


n×n

,

T̃ =


T0 S̃0,1 0 · · · 0

0 T1 S̃1,2
. . . 0

...
...

. . . . . .
...

0 0 0 Tn−2 S̃n−2,n−1
0 0 0 0 Tn−1


n×n

;

T ∼= T̃ ⇔ S̃j,j+1 = eiθj Sj,j+1,θj ∈ R,0≤ j ≤ n−2.
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Corollary

Tµ =


T0 µ0S0,1 0 · · · 0

0 T1 µ1S1,2
. . . 0

...
...

. . . . . .
...

0 0 0 Tn−2 µn−2Sn−2,n−1
0 0 0 0 Tn−1

 ,

where µi > 0,0≤ i ≤ n−2, µ = (µ0, . . . ,µn−2). Tµ is unitarily
equivalent to Tµ̃ if and only if µ = µ̃.
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Thank You and Happy
Birthday to Prof. Baruch

Solel
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