Numerical explorations of open problems from operator theory

The goal of this project is to explore one or several open problems that come from diverse
areas in operator theory. All of these problems are related to recent research and are of real
interest. In this project, the students will learn the theoretical background of one of the
following conjectures, and will write a program that will numerically test their validity. Such
experimentation might help find counter examples to the conjectures or help identify
corrections to the conjectures. More interestingly, thinking about the design of numerical
experiments might lead to new insights and to a better understanding of these problems.
The problems (stated as conjectures):

1. Dimension dependent von Neumann inequality: Fix d, n € N. There exists a finite
constant C, , such that for every polynomial p € €[z, ..., z4] (in d complex
variables) and every d-tuple of T = (T, ..., T;) of commuting n X n matrices such
that |[T|| = |[X T;T;"|| < 1, it holds that
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What we know: C; ,, = 1 for all n; this is known as von Neumann’s inequality. It is
also known that for d > 1, if the constants exist and are finite, then C;,, — ® as
n — co. We don’t even know whether C, , is finite and if so what it is.

2. The complex matrix cube conjecture: Given matrices 44, ..., A4, such that ||4;]| < 1
foralli =1, ...,d, there exist commuting normal matrices Ny, ..., N; such that
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What we know: The conjecture is true under the assumption that 44, ..., 44 are all
selfadjoint. It is also known that one can always find such Ny, ..., N; with ||N;|| <
V/2d, but this constant is not known to be optimal.

3. The stable division problem: Let C[z,, ..., z;] be the algebra of polynomials in d
compex variables, and endow it with some reasonable norm, for example
IX o cez®l? = Yolc|?. Givenanideal I in C[zy, ..., z4], a set fy, ..., fx € Clzy, ..., Z4]
is said to be a basis for I if for every p € I, there exist g4, ..., gk € C|zy, ..., Z4] such
that p = X g;f;. The conjecture is that there exist bases “with norm control”. To be
precise: it says that for every homogeneous ideal I in C[z,, ..., z;], one can always
find a basis fi, ..., fx € C[zy, ..., 4] and a constant C such that for every p € I, there
exist gy, ..., gx € Clzy, ..., z4] such that p = }; g;f;, and, in addition,

2llgifill < Clipll.

What we know: For d = 2 the conjecture holds. We also know that for a certain
norm (unfortunately, not a natural one), given an ideal, one can make a change of
variables after which it has a basis with the desired property.

Prerequisites: To participate in this project the student should have taken the first-year
courses in linear algebra, and should already know how to program in some language with
which numerical experimentation of the above problems is possible (e.g., Matlab,
Mathematica, Maple, Python, etc.) Ideally, the student should also have taken a course in
Functional Analysis, not so much for performing the experiments, but for understanding the
theoretical background.
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