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What is the “right” way of solving PDE?

However beautiful the
strategy, you should
occasionally look at the
results...

Sir Winston Churchill
[1874-1965]

Eduard Feireisl Fluids in Motion



Continuum model of a compressible viscous fluid

Compressible Navier—Stokes system

Oro + divk(pu) =0,
Ot (ou) + dive(ou ® u) + Vip(o) = pAsu + AV,div,u.
uw>0 A>0

Physical space - boundary conditions

QcRY, N=1,2,3, ulspn =0

Initial state

0(0,-) = 00 >0 u(0,-) = ug

Isentropic EOS

p(e)=ag’, v>1,a>0




Weak solutions

Equation of continuity

t2 ty
{/ op dx} = / / ou - Vi dxdt
Q t t1 Q

@ continuously differentiable

Momentum equation

to
L/ ou- @ dx}
Q t

t2
= / / (Qu Qu:Vip+ p(Q)divxcp) dxdt
51 Q

53
7/ / (,uVXu Ve + /\divxudivxgo) dxdt.
ty Q

@ continuously differentiable, ¢|sq =0




Discretization - numerics

Discrete time steps

to =0, thy1 = t, + At

Implicit time discretization

/Q (g,, — gn_l)ap dx =~ At/Q only - Vi dx

/ (gnun - Qn—lun—l) 2 dX
Q

~ At/ (gnun Qup: Vyp + p(g,,)divxgo) dxdt
Q

- At/ (uvxun : Vg + )\divxundivxcp) dx
Q




Spatial discretization - finite volume scheme

Elementary volumes

Discrete operators

o — the common face of two neighboring elements, n — the normal vector

(6]l = Jim 6(x+sn) — lim 6(x — sn)

Vg = [[¢]]on

lims—o+ r(x + sn) + lims—o4 r(x — sn)
2

7=




Numerical solutions

Equation of continuity

/ @At pax= 3 [ (chodnllele ~Mlleellell)aS:

oEY

Momentum equation

/ qunfgn lun 1'(de
o, At

= 3 [ (AhEun - ligll + plehn- el s,

UEZ;,

52 (e el + G - ellgl) -n)ds)

GE)Z,,

- [ il lielloass

TEXL

¢ piece—wise constant, ¢ piece-wise constant, |k = 0, K boundary vol.




Numerical viscosity

Extra viscosity added

S [ ATl a5~ e (470

ocEY)

> / Mo - [[]]dSs ~ — hdive (A (ou))

oEY




Synergy analysis—numerics

Claim:
Suppose the following:

m The initial data go, (ou)o are smooth go > 0, and (pu)o satisfies relevant
compatibility conditions

m The domains Q; approximate a domain 2, where the latter has smooth
boundary

m The sequence of family of approximate densities {g"}4>0,,>1, is bounded
uniformly for At,h — 0

Conclusion:

QZ — 0, uZ —uin Ll((O7 T) x Q),

where g, u is a smooth solution of the problem



Convergence proof

Convergence to generalized - measure—valued solutions

Natural energy estimates - stability
Error of the scheme - consistency

Weak-strong uniqueness

Measure—valued and strong solutions emenating from the same initial data
coincide as long as the latter exists

Local existence, blow up criterion

Strong solutions exist on a possible short time interval as long as the data
and the domain are sufficiently smooth. The life span can be extended as
long as the density (pressure) remains bounded




Inviscid fluids

Complete Euler system

Oro + divx(pu) =0
9e(ou) + divi(ou @ u) + Vip(e,9) =0

1 1
2 (59|u\2 + oe(o, ﬂ)) + divx [(§g|u\2 + oe(o, ﬂ)) u} + dive(pu) = 0

Impermeability boundary conditions

QCR", N=1,2,3, u-njsa =0
Gibbs’s relation

¥Ds = De + pD (é)

Entropy balance

0:(0s) + divk(psu) >0




Weak solutions

Field equations

t=T1 T
Q t=0 o Ja

t=T1 T
{/ ou - p(t,-) dx] = / / [ou - Orp + pu® u: Vip + pdivep] dxdt
Q 0o Ja

t=0

[ (Getor + eete) etey x|
/ /K olul® + oe(o, )) attp+(%g|u|2+ge(g7q9)+p) uvxw] dxdt

Entropy inequality

{/Qgsw(t,.) dxy_”_ / /[gsat<p+gsu Vo] dx



Il posedness

Theorem [EF, Ch.Klingenberg, O.Kreml, S.Markfelder, 2017]

Let Q C RY be a bounded Lipschitz domain. Let the initial data go > 0,
Yo > 0 be piece-wise constant functions.

Then there exists a vector field up € L>(Q; R") such that the complete
Euler system admits infinitely many solutions starting from oo, Yo, uo. In
addition, the entropy balance holds as an equality, meaning for all test
functions ¢ € C*([0, T] x Q) (not necessarily non—negative).




Convex integration

Incompressible Euler system with constant pressure

v(0,-) = vo, divev =0,

Otv + divy (v Qv — %|v|2]1) =0

“do nothing boundary conditions”

/ /V~anpdxdt:0
o Ja

t=T1 T
{/v-cpdx} :/ / [v~8t<p+v®v:chp—%|v|2divxcp dxdt
Q t=0 0 Q

o, @ € CY([0, T] x RY)

Weak formulation




Incompressible fluid flows

DeLellis—Székelyhidi [2010]
Let N =2,3 and let
E= SN

be the kinetic energy associated to the field v. There exists A¢ > 0 such
that for any A > Ao, there is vo € L>(£; RN) such that the “Euler
problem” admits infinitely many solutions v in the class

v € Cuear([0, T]; L2(2; RV)) N L>((0, T) x ©; RY)

such that

1 1
E= §|v\2 = 5|vo\2 = Aforany t €[0, T].




Application to the full Euler system, |

Domain decomposition

ﬁZUi:1?i
0=0i >0, 9 =9; >0 oneach K;

New system

t=7
[/ Vi@ dx}
Ki t=0

i

Vi®Vf_ vi|?
: Ve N o

/ /v, Vxp dxdt =0

1 \v,|2 N
=N-— iy %
2 o > Ploi 9i)

diveep| dxdt

N independent of i




Application to the full Euler system, Il

Equation of continuity

uy = —

t=T1 T
{/ e dX} - / / [0i0:p + piui - V] dxdt
K; t=0 0 JK;

i

Momentum equation

t=1
fon ]
Ki t=0

i

= oiv; - Orp + oiu; @ u; @ Ve + p(oi, 9i)divep — | 2Adivyep ] dxq
J ], few-o

i




Application to the full Euler system, Ill

Energy balance

[/ ( oiluil® + oie(oi, ,)) L‘Ddx:|:;
//K oiluif? +9:e(91,19)>6t¢

+ (5Qi|ui|2 + oie(oi, ¥i) + P(Qi719i)) u; - ngo} dxdt

Entropy balance

t=T1 .
{/ QiS(Qi,ﬁi)sOdX:| :/ / [9"5(9"70")8f¢+@f5(9uﬁ;)u;-vx¢] dxdt
t=0 0 K;

Ki




Oscillatory lemma - reformulation

Overdetermined Euler system

divev = 0, Orv + divy (v Qv — %Mz}l) =0

Linear system vs. non-linear constitutive equation

divev =0, Ov +diviU =0

0,sym

U=v®v-— %|v|2]17 Ue Ry

Implicit constitutive relation
Amax [V @ v — U]

gxm Veov—U]> %W

gAmax [V®V_U] = %lV‘Q SU=vev-— %|V|2H




Oscillatory lemma - subsolutions

Equations
v, U smooth in (0, T)

divy,v =0, Ov +div,U =0

Extremal values

Energy
piece-wise smooth function e

Convex set

1 N
§|v|2 < Ekmax veav-Tl<e




Oscillations - De Lellis and Székelyhidi

Oscillatory increments

divew: =0, Ow: + div, V. =0
we, V. € C°(Q)
w. — 0 weakly in L*(Q)

gAmax [(V + We) ® (V + Ws) — (U +V5)] <e

Energy

Ii?JQf/(?(|v+wg\2) 2/V|v|2—|—c(e)/0<e




Isentropic (compressible) Euler system

Standard variables

Oro + divi(ou) =0
O:(ou) + divx(ou ® u) + Vip(0) = 0, p(0) = a¢”, u-nlsg =0

Conservative variables

Oro + divim =0

®”‘) 4 Vap(e) = 0, m-nlog = 0




Weak solutions

Field equations

{/Q op(t,-) dx] Z_; = /OT /Q [00:p + m - V] dxdt
o]

:/ / {mw%,o—o— (mfm) :VXQO‘Fp(Q)divxt,o} dxdt, ¢ -n|agg =0
o Ja

Energy inequality

/QE(T) dx;/Q B\";F Pl )} (r.) dx

XE/QE|IZ|2+P( )J( -) dx fora.a. 7 >0




Dissipative measure—valued (DMV) solutions

Physical space — Phase space
F={leml e R** | o0}
(t, X) € Qr= [0, T] X Q +— Vt,x S Li,ocak(QT;'P(f));

Field equations

-
/ / [(Vex; 0) Orp + (Vexsm) - V] dxdt
0o Ja

.
:—/<Vo,x;g>go(0,~)dx+/ vaw~du%
Q 0 Q

m@m

;
/ / |:<Vt,x;m> - O + <Vt,><y . > Vg + (Vexi p(0)) divp | dxdt
0 Q

.
:—/ < Vox;m > -(0,-) dx+/ /7VX<,o~du2C
Q o Ja

Concentration measures

,u,lc, uQC signed Radon measures “sitting” on the physical space Q+



Dissipation balance

Energy inequality

/Q<VT,X; %% + P(Q)> dx +D(7) < /Q <VO,X; %% + P(g)> dx

Compatibility conditions

there exists a constant d > 0 such that

/OTw/ﬁdlulcle/oTw/ﬁdmagd/OTwat

for any ¢ € C[0, T), ¢ >0




Relative energy

Relative energy functional

¢ (om0)

2

= 5|7 U] + P& - P(e—n - P(r)

P'(r)r — P(r) = p(0)

Relative energy decomposition

/QE(,Q,m ‘r,U) dx =
%/Q {'“;'2 +P(g)} dx— /mde+/ {1|U\2+P’(r)] dx—&—/ﬂp(r)d




Dissipative inequality

Relative energy inequality

t=1

Uns(g,m ‘ r,u) deO

S/ /Q(Ufm)atujtm(ufm) : VU dxdt
0o Ja o

—/ /p(g)diva dxdt
o Jo

— /T/ [0:P'(r) + m -V P'(r) — ro:P(r)] dxdt

Test functions
r>0, U'n‘aQ:O




Weak—strong uniqueness, |

Strong solution
Oer +divy (rU) =

U +U-V,U= fv%(’) = —V.P'(r)

Relative energy inequality, step |

{/5<g,m‘r u) der

/ /|v U\Q‘U——‘ dxdt
—/ /Q(U—m)~VXP'(r) dxdt
o Ja
—/ /p(g)diVxU dxdt
o Ja

- /T/ [0:P'(r) + m -V P'(r) — rd:P(r)] dxdt
o Jo




Weak—strong uniqueness, |l

Renormalized equation
. P(r) + divx (P(r)U) = —p(r)div, U
P'(r)r — P(r) = p(r)

Relative energy inequality, step Il

{/S(Q,m‘ru> der
// Q,m‘rU dxdt

~ [ [ [ete) = () = 1) = p(r)] div axate




Dissipative measure—valued (DMV) solutions, revisited

Physical space — Phase space
F={leml e R** | o0}
(t, X) € Qr= [0, T] X Q +— Vt,x S Li,ocak(QT;'P(f));

Field equations

-
/ / [(Vex; 0) Orp + (Vexsm) - V] dxdt
0o Ja

T
:_/ <VO,X;Q>S0(07') dX+/ /7VXSDdN‘1C
Q 0 Q

m@m

;
/ / |:<Vt,x;m> - O + <Vt,><y . > Vg + (Vexi p(0)) divp | dxdt
0 Q

.
:—/ < Vox;m > -(0,-) dx+/ LV%,&du%
Q o Ja

Concentration measures

,u,lc, uQC signed Radon measures “sitting” on the physical space Q+



Dissipation balance, revisited

Energy inequality

/Q<VT,X; %% + P(Q)> dx +D(7) < /Q <VO,X; %% + P(g)> dx

Compatibility conditions

there exists a constant d > 0 such that

/OTw/ﬁdlulcle/oTw/ﬁdmagd/OTwat

for any ¢ € C[0, T), ¢ >0




