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What is the “right” way of solving PDE?

However beautiful the
strategy, you should
occasionally look at the
results...
Sir Winston Churchill
[1874-1965]

Eduard Feireisl Fluids in Motion



Continuum model of a compressible viscous fluid

Compressible Navier–Stokes system

∂t%+ divx(%u) = 0,

∂t(%u) + divx(%u⊗ u) +∇xp(%) = µ∆xu + λ∇xdivxu.

µ > 0, λ ≥ 0

Physical space - boundary conditions

Ω ⊂ RN , N = 1, 2, 3, u|∂Ω = 0

Initial state

%(0, ·) = %0 > 0 u(0, ·) = u0

Isentropic EOS

p(%) = a%γ , γ ≥ 1, a > 0



Weak solutions

Equation of continuity[∫
Ω

%ϕ dx

]t2
t1

=

∫ t2

t1

∫
Ω

%u · ∇xϕ dxdt

ϕ continuously differentiable

Momentum equation

[∫
Ω

%u ·ϕ dx

]t2
t1

=

∫ t2

t1

∫
Ω

(
%u⊗ u : ∇xϕ + p(%)divxϕ

)
dxdt

−
∫ t2

t1

∫
Ω

(
µ∇xu : ∇xϕ + λdivxudivxϕ

)
dxdt.

ϕ continuously differentiable, ϕ|∂Ω = 0



Discretization - numerics

Discrete time steps

t0 = 0, tn+1 = tn + ∆t

Implicit time discretization∫
Ω

(
%n − %n−1

)
ϕ dx ≈ ∆t

∫
Ω

%nun · ∇xϕ dx∫
Ω

(
%nun − %n−1un−1

)
·ϕ dx

≈ ∆t

∫
Ω

(
%nun ⊗ un : ∇xϕ + p(%n)divxϕ

)
dxdt

−∆t

∫
Ω

(
µ∇xun : ∇xϕ + λdivxundivxϕ

)
dx



Spatial discretization - finite volume scheme

Elementary volumes

Ω ≈ Ωh = ∪K∈KhK .

Discrete operators

σ − the common face of two neighboring elements, n− the normal vector

[[φ]]σ = lim
s→0+

φ(x + sn)− lim
s→0+

φ(x − sn)

∇xϕ ≈ [[φ]]σn

r =
lims→0+ r(x + sn) + lims→0+ r(x − sn)

2



Numerical solutions

Equation of continuity

∫
Ωh

%hn − %hn−1

∆t
ϕ dx =

∑
σ∈Σh

∫
σh

(
%hnuh

n · n[[ϕ]]σ − λh[[%h]]σ[[ϕ]]σ
)
dSh

Momentum equation

∫
Ωh

%hnun − %hn−1uh
n−1

∆t
·ϕ dx

=
∑
σ∈Σh

∫
σh

(
%hnuh

n ⊗ uh
n · n · [[ϕ]]σ + p(%hn)n · [[ϕ]]σ

)
dSh

− 1

h

∑
σ∈Σh

∫
σh

(
µ[[uh

n]]σ : [[ϕ]]σ +
1

h
λ[[uh

n]]σ · n[[ϕ]]σ · n
)
dSh

−
∑
σ∈Σh

∫
σh

λh[[%hnuh
n]]σ · [[ϕ]]σdSh.

ϕ piece–wise constant, ϕ piece–wise constant, ϕ|K = 0, K boundary vol.



Numerical viscosity

Extra viscosity added∑
σ∈Σh

∫
σh

λh[[%h]]σ[[ϕ]]σ
)
dSh ≈ −hdivx(λh∇x%)

∑
σ∈Σh

∫
σh

λh[[%hnuh
n]]σ · [[ϕ]]σdSh ≈ −hdivx(λh∇x(%u))



Synergy analysis–numerics

Claim:
Suppose the following:

The initial data %0, (%u)0 are smooth %0 > 0, and (%u)0 satisfies relevant
compatibility conditions

The domains Ωh approximate a domain Ω, where the latter has smooth
boundary

The sequence of family of approximate densities {%hn}h>0,n≥1, is bounded
uniformly for ∆t, h→ 0

Conclusion:

%hn → %, uh
n → u in L1((0,T )× Ω),

where %, u is a smooth solution of the problem



Convergence proof

Convergence to generalized - measure–valued solutions

Natural energy estimates - stability
Error of the scheme - consistency

Weak–strong uniqueness

Measure–valued and strong solutions emenating from the same initial data
coincide as long as the latter exists

Local existence, blow up criterion

Strong solutions exist on a possible short time interval as long as the data
and the domain are sufficiently smooth. The life span can be extended as
long as the density (pressure) remains bounded



Inviscid fluids

Complete Euler system

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +∇xp(%, ϑ) = 0

∂t

(
1

2
%|u|2 + %e(%, ϑ)

)
+ divx

[(
1

2
%|u|2 + %e(%, ϑ)

)
u

]
+ divx(pu) = 0

Impermeability boundary conditions

Ω ⊂ RN , N = 1, 2, 3, u · n|∂Ω = 0

Gibbs’s relation

ϑDs = De + pD

(
1

%

)

Entropy balance

∂t(%s) + divx(%su) ≥ 0



Weak solutions

Field equations[∫
Ω

%ϕ(t, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[%∂tϕ+ %u · ∇xϕ] dxdt[∫
Ω

%u ·ϕ(t, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[%u · ∂tϕ + %u⊗ u : ∇xϕ + pdivxϕ] dxdt[∫
Ω

(
1

2
%|u|2 + %e(%, ϑ)

)
ϕ(t, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[(
1

2
%|u|2 + %e(%, ϑ)

)
∂tϕ+

(
1

2
%|u|2 + %e(%, ϑ) + p

)
u∇xϕ

]
dxdt

Entropy inequality[∫
Ω

%sϕ(t, ·) dx

]t→τ−
t=0

≥
∫ T

0

∫
Ω

[%s∂tϕ+ %su · ∇xϕ] dx



Ill posedness

Theorem [EF, Ch.Klingenberg, O.Kreml, S.Markfelder, 2017]

Let Ω ⊂ RN be a bounded Lipschitz domain. Let the initial data %0 > 0,
ϑ0 > 0 be piece-wise constant functions.
Then there exists a vector field u0 ∈ L∞(Ω;RN) such that the complete
Euler system admits infinitely many solutions starting from %0, ϑ0, u0. In
addition, the entropy balance holds as an equality, meaning for all test
functions ϕ ∈ C 1([0,T ]× Ω) (not necessarily non–negative).



Convex integration

Incompressible Euler system with constant pressure

v(0, ·) = v0, divxv = 0,

∂tv + divx

(
v ⊗ v − 1

N
|v|2I

)
= 0

“do nothing boundary conditions”

Weak formulation ∫ τ

0

∫
Ω

v · ∇xϕ dxdt = 0[∫
Ω

v ·ϕ dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[
v · ∂tϕ + v ⊗ v : ∇xϕ−

1

N
|v|2divxϕ

]
dxdt

for all ϕ, ϕ ∈ C 1([0,T ]× RN)



Incompressible fluid flows

DeLellis–Székelyhidi [2010]

Let N = 2, 3 and let

E =
1

2
|v|2

be the kinetic energy associated to the field v. There exists Λ0 ≥ 0 such
that for any Λ ≥ Λ0, there is v0 ∈ L∞(Ω;RN) such that the “Euler
problem” admits infinitely many solutions v in the class

v ∈ Cweak([0,T ]; L2(Ω;RN)) ∩ L∞((0,T )× Ω;RN)

such that

E =
1

2
|v|2 =

1

2
|v0|2 = Λ for any t ∈ [0,T ].



Application to the full Euler system, I

Domain decomposition

Ω = ∪i=1K i

% = %i > 0, ϑ = ϑi > 0 on each Ki

New system [∫
Ki

vi ·ϕ dx

]t=τ

t=0

=

∫ τ

0

∫
Ki

[
vi · ∂tϕ +

vi ⊗ vi

%i
: ∇xϕ−

1

N

|vi |2

%i
divxϕ

]
dxdt

∫ τ

0

∫
Ki

vi · ∇xϕ dxdt = 0

1

2

|vi |2

%i
= Λ− N

2
p(%i , ϑi )

Λ independent of i



Application to the full Euler system, II

Equation of continuity

ui =
1

%i
vi ,[∫

Ki

%iϕ dx

]t=τ

t=0

=

∫ τ

0

∫
Ki

[%i∂tϕ+ %iui · ∇xϕ]dxdt

Momentum equation [∫
Ki

%iui ·ϕ dx

]t=τ

t=0

=

∫ τ

0

∫
Ki

[
%iui · ∂tϕ + %iui ⊗ ui : ∇xϕ + p(%i , ϑi )divxϕ− 2Λdivxϕ

]
dxdt



Application to the full Euler system, III

Energy balance

[∫
Ki

(
1

2
%i |ui |2 + %ie(%i , ϑi )

)
ϕdx

]t=τ

t=0

=

∫ τ

0

∫
Ki

[(
1

2
%i |ui |2 + %ie(%i , ϑi )

)
∂tϕ

+

(
1

2
%i |ui |2 + %ie(%i , ϑi ) + p(%i , ϑi )

)
ui · ∇xϕ

]
dxdt

Entropy balance

[∫
Ki

%i s(%i , ϑi )ϕdx

]t=τ

t=0

=

∫ τ

0

∫
Ki

[
%i s(%i , ϑi )∂tϕ+%i s(%i , ϑi )ui ·∇xϕ

]
dxdt



Oscillatory lemma - reformulation

Overdetermined Euler system

divxv = 0, ∂tv + divx

(
v ⊗ v − 1

N
|v|2I

)
= 0

Linear system vs. non-linear constitutive equation

divxv = 0, ∂tv + divxU = 0

U = v ⊗ v − 1

N
|v|2I, U ∈ R3×3

0,sym

Implicit constitutive relation

λmax [v ⊗ v −U]

N

2
λmax [v ⊗ v −U] ≥ 1

2
|v|2

N

2
λmax [v ⊗ v −U] =

1

2
|v|2 ⇔ U = v ⊗ v − 1

N
|v|2I



Oscillatory lemma - subsolutions

Equations

v, U smooth in (0,T )

divxv = 0, ∂tv + divxU = 0

Extremal values

v(0, ·) = v0, v(T , ·) = vT

Energy

piece-wise smooth function e

Convex set

1

2
|v|2 ≤ N

2
λmax [v ⊗ v −U] < e



Oscillations - De Lellis and Székelyhidi

Oscillatory increments

divxwε = 0, ∂twε + divxVε = 0

wε, Vε ∈ C∞c (Q)

wε → 0 weakly in L2(Q)

N

2
λmax [(v + wε)⊗ (v + wε)− (U + Vε)] < e

Energy

lim inf
ε→0

∫
Q

(
|v + wε|2

)
≥
∫
V

|v|2 + c(e)

∫
Q

(
e − 1

2
|v|2
)α



Isentropic (compressible) Euler system

Standard variables

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +∇xp(%) = 0, p(%) = a%γ , u · n|∂Ω = 0

Conservative variables

∂t%+ divxm = 0

∂tm + divx

(
m⊗m

%

)
+∇xp(%) = 0, m · n|∂Ω = 0

Energy - entropy

E =
1

2

|m|2

%
+ P(%), P(%) =

a

γ − 1
%γ

d

∂t

∫
Ω

E dx = 0 or

∫
Ω

E(τ) dx ≤
∫

Ω

E(0) dx



Weak solutions

Field equations[∫
Ω

%ϕ(t, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[%∂tϕ+ m · ∇xϕ] dxdt[∫
Ω

m ·ϕ(t, ·) dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

[
m · ∂tϕ +

(
m⊗m

%

)
: ∇xϕ + p(%)divxϕ

]
dxdt, ϕ · n|∂Ω = 0

Energy inequality∫
Ω

E(τ) dx ≡
∫

Ω

[
1

2

|m|2

%
+ P(%)

]
(τ, ·) dx

≤
∫

Ω

E(0) dx ≡
∫

Ω

[
1

2

|m|2

%
+ P(%)

]
(0, ·) dx for a.a. τ ≥ 0



Dissipative measure–valued (DMV) solutions

Physical space → Phase space

F =
{

[%,m] ∈ RN+1
∣∣∣ % ≥ 0

}
(t, x) ∈ QT ≡ [0,T ]× Ω 7→ Vt,x ∈ L∞weak(QT ;P(F));

Field equations ∫ T

0

∫
Ω

[〈Vt,x ; %〉 ∂tϕ+ 〈Vt,x ; m〉 · ∇xϕ] dxdt

= −
∫

Ω

< V0,x ; % > ϕ(0, ·) dx +

∫ T

0

∫
Ω

∇xϕ · dµ1
C∫ T

0

∫
Ω

[
〈Vt,x ; m〉 · ∂tϕ +

〈
Vt,x ;

m⊗m

%

〉
: ∇xϕ + 〈Vt,x ; p(%)〉 divxϕ

]
dxdt

= −
∫

Ω

< V0,x ; m > ·ϕ(0, ·) dx +

∫ T

0

∫
Ω

∇xϕ · dµ2
C

Concentration measures

µ1
C , µ

2
C signed Radon measures “sitting” on the physical space QT



Dissipation balance

Energy inequality

∫
Ω

〈
Vτ,x ;

1

2

|m|2

%
+ P(%)

〉
dx +D(τ) ≤

∫
Ω

〈
V0,x ;

1

2

|m|2

%
+ P(%)

〉
dx

Compatibility conditions

there exists a constant d > 0 such that∫ T

0

ψ

∫
Ω

d |µ1
C |+

∫ T

0

ψ

∫
Ω

d |µ2
C | ≤ d

∫ T

0

ψDdt

for any ψ ∈ C 1
c [0,T ), ψ ≥ 0



Relative energy

Relative energy functional

E
(
%,m

∣∣∣r ,U)
=

1

2
%

∣∣∣∣m% −U

∣∣∣∣2 + P(%)− P ′(r)(%− r)− P(r)

P ′(r)r − P(r) = p(r)

Relative energy decomposition∫
Ω

E
(
%,m

∣∣∣r ,U) dx =

1

2

∫
Ω

[
|m|2

%
+ P(%)

]
dx−

∫
Ω

m·U dx+

∫
Ω

%

[
1

2
|U|2 + P ′(r)

]
dx+

∫
Ω

p(r) dx



Dissipative inequality

Relative energy inequality[∫
Ω

E
(
%,m

∣∣∣ r ,U) dx

]t=τ

t=0

≤
∫ τ

0

∫
Ω

%(U−m)∂tU + m

(
U− m

%

)
: ∇xU dxdt

−
∫ τ

0

∫
Ω

p(%)divxU dxdt

−
∫ τ

0

∫
Ω

[
∂tP

′(r) + m · ∇xP
′(r)− r∂tP(r)

]
dxdt

Test functions

r > 0, U · n|∂Ω = 0



Weak–strong uniqueness, I

Strong solution

∂tr + divx (rU) = 0

∂tU + U · ∇xU = −∇xp(r)

r
= −∇xP

′(r)

Relative energy inequality, step I[∫
Ω

E
(
%,m

∣∣∣ r ,U) dx

]t=τ

t=0

≤
∫ τ

0

∫
Ω

|∇xU|%
∣∣∣∣U− m

%

∣∣∣∣2 dxdt

−
∫ τ

0

∫
Ω

%(U−m) · ∇xP
′(r) dxdt

−
∫ τ

0

∫
Ω

p(%)divxU dxdt

−
∫ τ

0

∫
Ω

[
∂tP

′(r) + m · ∇xP
′(r)− r∂tP(r)

]
dxdt



Weak–strong uniqueness, II

Renormalized equation

∂tP(r) + divx (P(r)U) = −p(r)divxU

P ′(r)r − P(r) = p(r)

Relative energy inequality, step II[∫
Ω

E
(
%,m

∣∣∣ r ,U) dx

]t=τ

t=0

≤
∫ τ

0

∫
Ω

E
(
%,m

∣∣∣ r ,U) dxdt

−
∫ τ

0

∫
Ω

[
p(%)− p′(r)(%− r)− p(r)

]
divxU dxdt



Dissipative measure–valued (DMV) solutions, revisited

Physical space → Phase space

F =
{

[%,m] ∈ RN+1
∣∣∣ % ≥ 0

}
(t, x) ∈ QT ≡ [0,T ]× Ω 7→ Vt,x ∈ L∞weak(QT ;P(F));

Field equations ∫ T

0

∫
Ω

[〈Vt,x ; %〉 ∂tϕ+ 〈Vt,x ; m〉 · ∇xϕ] dxdt

= −
∫

Ω

< V0,x ; % > ϕ(0, ·) dx +

∫ T

0

∫
Ω

∇xϕ · dµ1
C∫ T

0

∫
Ω

[
〈Vt,x ; m〉 · ∂tϕ +

〈
Vt,x ;

m⊗m

%

〉
: ∇xϕ + 〈Vt,x ; p(%)〉 divxϕ

]
dxdt

= −
∫

Ω

< V0,x ; m > ·ϕ(0, ·) dx +

∫ T

0

∫
Ω

∇xϕ · dµ2
C

Concentration measures

µ1
C , µ

2
C signed Radon measures “sitting” on the physical space QT



Dissipation balance, revisited

Energy inequality

∫
Ω

〈
Vτ,x ;

1

2

|m|2

%
+ P(%)

〉
dx +D(τ) ≤

∫
Ω

〈
V0,x ;

1

2

|m|2

%
+ P(%)

〉
dx

Compatibility conditions

there exists a constant d > 0 such that∫ T

0

ψ

∫
Ω

d |µ1
C |+

∫ T

0

ψ

∫
Ω

d |µ2
C | ≤ d

∫ T

0

ψDdt

for any ψ ∈ C 1
c [0,T ), ψ ≥ 0


