
 םירוטרפואה תרותב תורעשה לש תוירמונ תוקידב
 

 ,םירוטרפואה תרותמ תמיוסמ הרעשה לש יטרואיתה עקרה תא ודמלי םיטנדוטסה ,הז טקיורפב
 וא תידגנ אמגוד תולגל יושע הזכש יוסינ .ירמונ ןפואב תורעשהה תונוכנ תא קודבתש הנכות ובתכיו
 ונלש הנבהה תא רפשי הזכש יוסינ לש ןונכתש הווקת הנשי ,ןכ ומכ .תקיודמ רתוי הרעשהל ןוויכ תתל
  .וללה תויעבה תא
 
 תונכתב ןויסינ םג ןבומכו ,׳א הנש לש תיראניל הרבגלא אוה יחרכהה שרדנה עקרה :שרדנ עקר
 עקר ילעב תויהל יוצר ,ןכ ומכ .)׳ודכו ,Matlab, Mathematica, Maple, Python ןוגכ( יהשלכ הפשב
  .יטרואיתה עקרה תא ןיבהל ידכ רקיעב ,תילנויצקנופ הזילנאב והשלכ

 
 
 
 
 
 
 

Numerical explorations of open problems in operator theory 
 
In this project, the students will learn the theoretical background of one of the following 
open problems and will write a program that will numerically test their validity. Such 
experimentation might help find counter examples to conjectures or help identify 
corrections to the conjectures. More interestingly, thinking about the design of numerical 
experiments might lead to new insights and to a better understanding of these problems.  
 
Prerequisites: To participate in this project the student should have taken the first-year 
courses in linear algebra, and should already know how to program in some language with 
which numerical experimentation of the above problems is possible (e.g., Matlab, 
Mathematica, Maple, Python, etc.) Ideally, the student should also have taken a course in 
Functional Analysis, not so much for performing the experiments, but for understanding the 
theoretical background.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Suggested problems 
 
 

1. The complex matrix cube problem: Find the smallest constant 𝐶"  such that the 
following holds: for all matrices 𝐴$,… , 𝐴", such that ‖𝐴(‖ ≤ 1 for all 𝑖 = 1,… , 𝑑, 
there exist commuting normal matrices 𝑁$,… ,𝑁"  such that ‖𝑁(‖ ≤ 𝐶"  and  

𝑁( = /𝐴( ∗
∗ ∗1 

for all 𝑖 = 1,… , 𝑑.  
 
What we know: We used to conjecture that 𝐶" = √𝑑	, but in last year’s summer 
research projects, the students Mattya Ben-Efraim and Yuval Yifrach found a counter 
example which showed that 𝐶4 > √2. In fact, we know by now that 𝐶4 > 1.543…	 
On the other hand, it is known that 𝐶" ≤ √2𝑑, but this constant is not known to be 
optimal. We conjecture that it is. The optimal constant has been found for special 
classes of operators, for example for tuples of selfadjoint operators, or for tuples 
satisfying some kind of algebraic relation.  
  

2. The stable division problem: Let ℂ[𝑧$, … , 𝑧"]	be the algebra of polynomials in 𝑑 
compex variables, and endow it with some reasonable norm, for example 
‖∑ 𝑐A𝑧AA ‖4 = ∑ |𝑐A|4A . Given an ideal 𝐼 in ℂ[𝑧$, … , 𝑧"], a set 𝑓$, … , 𝑓E ∈ ℂ[𝑧$, … , 𝑧"] 
is said to be a basis for 𝐼 if for every 𝑝 ∈ 𝐼, there exist 𝑔$, … , 𝑔E ∈ ℂ[𝑧$, … , 𝑧"] such 
that 𝑝 = ∑𝑔(𝑓(. The conjecture is that there exist bases “with norm control”. To be 
precise: it says that for every homogeneous ideal 𝐼 in ℂ[𝑧$, … , 𝑧"], one can always 
find a basis 𝑓$, … , 𝑓E ∈ ℂ[𝑧$, … , 𝑧"] and a constant 𝐶 such that for every 𝑝 ∈ 𝐼, there 
exist 𝑔$, … , 𝑔E ∈ ℂ[𝑧$, … , 𝑧"] such that 𝑝 = ∑𝑔(𝑓(, and, in addition,  
 

∑‖𝑔(𝑓(‖ ≤ 𝐶‖𝑝‖.  
 

What we know: For 𝑑 = 2 the conjecture holds. We also know that for a certain 
norm (unfortunately, not a natural one), given an ideal, one can make a change of 
variables after which it has a basis with the desired property.  
 
(This problem requires knowing also a bit of ring theory and is the most algebraic of 
the problems.) 
 

3. Dimension dependent von Neumann inequality: Fix 𝑑, 𝑛 ∈ ℕ. We wish to study the 
existence of a finite constant 𝐶",K such that for every polynomial 𝑝 ∈ ℂ[𝑧$, … , 𝑧"] (in 
𝑑 complex variables) and every 𝑑-tuple of 𝑇 = (𝑇$, … , 𝑇") of commuting 𝑛 × 𝑛 
matrices such that ‖𝑇‖ ≔ ‖∑𝑇(𝑇(∗‖ ≤ 1, it holds that  
 

‖𝑝(𝑇)‖ ≤ 𝐶",K sup
|T|U$

|𝑝(𝑧$, … , 𝑧")|.  

 
What we know: 𝐶$,K = 1 for all 𝑛; this is known as von Neumann’s inequality. It is 
also known that for 𝑑 > 1, if the constants exist and are finite, then 𝐶",K → ∞ as 
𝑛 → ∞. We don’t even know whether 𝐶4,4 is finite and if so what it is. 


