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EVP, Ekeland & Turnbull (1983), Ekeland (1972)

Let (X,d) be a complete metric space and ¢ : X = RU {400} be an
extended real-valued function which is lower semicontinuous,
bounded from below, and not identically equal to +occ. For any e > 0,
for any e-minimum solution xq of ¢, for any A > 0, there exists some
point x, € dom ¢ such that

(iil) @(X) + (/A)d(Xs, X) > @©(Xs), V X # X
(i) and (i) can be written as ¢(x.) + (/X)d(Xs, X) < ¢(Xo).
Consider S: X = X with

S0 = {y € Xl 6(y) < 99 = (/M) 1) }.

Then, x,. € S(xo) and S(x.) = {x.}.



EVP via Change Model

1. Status quo: the bundle of activities x in the previous period.
2. Stay or change: x ~ xorx ~y
3. Motivation to change: payoffs
M(x,y) = f(y) — f(x)
4. Resistance to change: costs
R(x,¥) = C(x,¥) — C(x,X)
5. Worthwhile to change

M(x,y) > r R(x,y)

6. Variational traps W(x,) = {x.}
W(x.) = {x : worthwhile to change x, ~ x} = {x.}
= VX # Xuy, M(Xe,X) < T R(Xs, X)

<= X, isamaximal solution of g(x) = f(x) — r C(Xx, X). 3



Cost Requirements

1. Costs to be able to stay are zero, C(x,x) = 0 for all x € X.
2. Costs to be able to change are positive, C(x,y) > 0 for all x # y.

3. The cost to be able to change from x to y is not necessarily
equal to the cost to be able to change from y to x.

4. Direct costs are cheaper than or as equal as indirect costs,
C(x,y) < C(x,2) + C(z,y) for all x,y, x € X.

Examples: Gi(x,y) = |x —y| and G(x,y) =y —xify > xand 1
otherwise.



Quasimetrics and Metric Spaces

A quasi-metric space is a set X equipped with a function
g:Xx X+ Ry :=1[0,00) on X x X having the following three

properties:

(q1) g(x,y) > 0 (non-negativity);
(q2) if x =y, then g(x,y) = 0 (equality implies indistinct);
(g3) q(x,2) < q(x,Y) + q(v,2) (triangularity).

If, in addition, it satisfies the symmetry property g(x,x’) = q(x’, x) for
all x,x" € X, then g is a metric. We denote by (X, g) the space X with
the quasi-metric g. Quasi-metrics were introduced by Hausdorff in
1914 in his famous “Grundzilige der Mengenlehre” which is the
foundation of the theory of topological and metric spaces.



Examples on Quasimetric Spaces

e The Sorgenfrey quasimetric on Ris defined by g(x,y) =y — x if

y > x and g(x,y) = 1 otherwise.

e The quasimetric on Ris defined by g(x, y) = max(y — x, 0).

e The real half-line quasimetric is defined by g(x,y) = max(0,¢n%) on
the set of strictly positive reals.

e A circular railroad line moves only in a counterclockwise direction
around a circular track, represented by the unit circle S". The
circular-railroad quasi-metric from any point, x € S', to any other
point, y € S, is simply the counterclockwise circular arc length from
xtoyinS.

e Consider X := {u € L'(, ) : ||ulloo <1} equipped with the weak
L'- topology. The dissipation distance related to the energetic
formulation of energetic models for rate- independent systems is
defined by q(us, uz) = [lur — Ul

e The Minkowski gauge function is defined on R by

gs(x,y) = inf{a > 0 :y — x € aB}, where B is convex and compact.



Given a quasimetric space (X, g), i.e, @ nonempty set X equipped with
a quasi-metric g, we say that a sequence {x,}

(i) is forward convergent to x,, if lim q(X«,X,) = 0;
n—+o0
(ii) is a forward Cauchy sequence, if for each € > 0, there exists
n € N such that q(xm,xy) <e, form>n>n;

(iii) the space (X, q) is forward Hausdorff, if every forward convergent
sequence has an unique forward limit;

(iv) the space (X, q) is forward-forward complete, if every forward
Cauchy sequence is forward convergent.

Since a quasimetric is not symmetric, there are the corresponding
backward concepts.



Let (X, g) be a quasi-metric space and A be a nonempty subset of X.
Then:

e a sequence {x,} is forward convergent in (X, q) is not necessary
forward Cauchy;

e if {x,} is both forward and backward convergent to x., then x, is
the only limit point of {x,} of any kind;

e if {x,} has more than one forward limit points, then {x,} has no
backward limit point;

e if {x,} is forward convergent to a and backward convergent to b,
then g(a,b) = 0;

e if {x,} is forward convergent to a and g(a,b) = 0, then it is
backward convergent to b;

e the function g(-,A) : X — R, = [0, c0) defined by

a0,A) = inf q(x,u)

is forward lower semicontinuous.



Let X be a closed unit interval [0, 1] with the quasi-metric on X
defined by

xX—y if x>y,

q(x,y) = {

1 if x<y.

Consider the sequence {x,} where x, = 1/n. Since

q(Xn,Xm) =1/n—=1/m < 1/n forallm,n € Nwith m > n, {x,} is a
forward Cauchy sequence.

Take an arbitrary number X € (0,1]. For any integer n € N with

n > 1/x, one has x, = 1/n < x and thus g(x,,X) =1, i.e, X is not a
forward limit of {x,}.

Obviously, 0 is the only forward limit of {x,}.



Binary Relations Induced from Domination Structures

Let Y be a linear space partially equipped with a domination set
0 € D # (). The binary relation < is defined by:

vi<py, ifandonlyif y; €y, — D forall y;,y, € V.
When C is a proper, closed, convex, and pointed cone C, the binary
relation <p is a partial order.

Assume that each element of Y has its own domination set. Then, the
set-valued mapping D : Y = Y is called a domination structure in the
linear space Y. We introduce the following binary relations:

(i) The nondomination binary relation < is defined by
V<yy:i<=yev+D().
(ii) The efficiency binary relation < is defined by

Vv<py:<=vey—D(y).



Nondominated and Efficient Solutions

Let f: X — Y be a mapping from a nonempty set to a linear space,
and let D : Y = Y be a domination structure in the image space Y.
Given X € domf, we say that:

(i) x is a nondominated solution of f w.rt. D, or a D-nondominated
solution, or a <y-minimal solution, if

vx € domf, f(x) <w f(X) = f(X) <w f(X).

(if) X is a efficient solution of fw.rt. D, or a D-efficient solution, or a
<g-minimal solution, if

Vx € domf, f(x) <¢ f(X) = f(X) <e f(x).

1



Should | change? or should I regret to have changed?.

Efficiency binary relation: should | change? Yes, if the advantages to
move from y to v (change rather than stay) in the payoff space is
A(y,v) .=y —v=f(x)—f(u) = A(x,u) € D(y) = D(f(x)), which means
that there are ex ante advantages to move from y to v, i.e., from x to u.

Nondomination binary relation: should | regret to have changed? No,
if the agent would prefer to change from y to v after moving, i.e,, to
go from x to u rather than to stay at y provided that the new amount
of pains v = f(u) is perceived ex post as lower than the old amount

of pains y = f(x).



Dancs-Hegediis-Medvegyev Fixed Point Theorem (1983)

Let (X,d) be a complete metric space, and let & : X = X be a
set-valued mapping satisfying the following conditions:

(A1) x € d(x) for all x € X;
(A2) x; € ®(x7) = P(Xp) C d(xy) for all xq, %, € X;

(A3) For each generalized Picard sequence {x,} of ®, d(X,,Xn41) — O;
(A4) ®(x) is a closed set for all x € X;

Then, for every starting point xo € X, there is a convergent sequence
{Xn} € X whose limit x, is a fixed point of ®, i.e., (x,) = {x.}.

Theorem (DHMFPT) = Theorem (EVP)
where S,.(x) = {y € X| ¢(y) < () - rd(x, 1) }.



We have S(Xo) 2 S(x1) 2 ... 2 S(Xn) 2 S(Xn1) 2 ... D S(X«) = {x«}.
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A Revised Version of Fixed Point Theorem, BG (2021)

Let (X, d) be a complete metric space, x, € Xand  : X = X be a
dynamic system. Suppose that each generalized Picard sequence
(xn) of ® whose starting point is xo satisfies the following conditions:

(B1) ®(Xpy1) Ccld(xy) foralln e N.

(B2) d(Xn,Xne1) — 0as n — +oo.
(B3) If xp — x and X,11 # xp for all n € N, then &(x) C cl (x,) for all

néeN.

Then, there is a fixed point x, € cl1®(xo) U {xo} of the system ; i.e,
®(x,) C {x.}. Assume furthermore that ®(x.) # 0, then ®(x.) = {x.}.



Let (X4, d) be the complete metric space given by the set
X1={1/n:neN\{0}} U {0} and the metric d(x:,x2) = |x1 — xo|, for
all x1,x, € X5. Consider the point xo = 1 and the following dynamic
system &4 : X, = Xq:

{0} if x=0,
dq(x) = {1/m:m e N\{0},m > n} if x=1/nandniseven,
{1/m:meN\{0},m>n}U{0} if x=1/nandnisodd.

As all assumptions are satisfied, it follows that there exists a point

X € Xy such that ®4(x) C {x}. Obviously, X = 0 and ®4(0) = {0}.
Notice that 1/n ¢ ®4(1/n), for all n € N\{0}, ®+1(1/n) is not closed
provided that n is even, and 1/m € ®4(1/n), ®1(1/m)  &4(1/n) as
long as nis even and m > nis odd. Thus, assumptions in the original
fixed point theorem are not fulfilled and so it cannot be applied. For
instance, for all n € N\{0}, 575 € ®1(55) but ®1(5:0=) € Pa(55).
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Assumption (B2) cannot be dropped. Indeed, the dynamic system
b, : Xy = Xy, ®,(x) = X for all x € Xy, satisfies assumptions (B1) and
(B3), but it has not any fixed point. It is obvious that hypothesis (B2)
is not fulfilled.

Hypothesis (B3) cannot be removed. For instance, the dynamic
system &5 : Xy = Xq, $3(0) = X; and

®3(1/n) = {1/m : m € N\{0}, m > n} fulfills (B1) and (B2), but is
doesn’t satisfy (B3). Clearly, ®; has not any fixed point.

Assumption (B1) is also needed. For instance, let

Xy = {sn ::zm:T/m N eN\{O}}.

m=1
It is obvious that (X;, d) is a complete metric space. The dynamic
system &5 : X; = X5, ®3(Sp) = {Sn41}, for all n € N\{0} fulfills
hypotheses (B2) and (B3), but it has not any fixed point. It is easy to
check that ®5(sp41) € P3(sn), for all n € N\{0}.



Nonlinear Scalarization Function, GKNR (2017)

Let Y be a real linear space, D be a nonempty setin Y and k be a
nonempty elementin Y. D is said to be a domination set if 0 € D.

The vectorial closure of D in the direction k is defined by

vclkD == {y € Y| VA > 0,3t € [0, ],y + tk € D}.

The function ¢ : ¥ — R U {£oc} defined by
i (y) ;== inf{t e R: y € th — D} with inf ) = +o0.
is called Gerstewitz' nonlinear scalarization function.

Assume that D is free-disposal in the direction k; i.e., D 4 cone(R) C D
and D N — cone(R) = {0}. Then, the following hold:

- dompf = D+ Rk

Wy €Y,V e R gp(y +th) = h(y) +t
- ob(y) <t<=yet—vclD.



Some Properties of Gerstewitz' Scalarizing Functions

Let) #D C Yand ke Y\ {0} satisfy D + [0, 4+00)k C D. Then the
following hold:

(a) o is Ls.c. over its domain dom pf = Rk — D iff D is a closed set.
Moreover, its t-level set is given by

{yeYlghly) <t} =tk—D, VteR

and pB(y +tR) = pB(y) +t, Vy €Y, YVt e R.

(b) ¢F is convex if and only if the set D is convex, and ¢f is
positively homogeneous if and only if D is a cone.

(c) 99*5 is proper if and only if D does not contain lines parallel to k.

(d) ¢F is finite-valued, i.e. dom ¢f =V, if and only if Rk — D = Y and
D does not contain lines parallel to k.

(e) Given B C Y. ¢F is B-monotone if and only if D+ B C D.

(f) ¢f is subadditive if and only if D+ D C D.
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Efficiency EVP, BMST (2021)

Let (X, g) be a quasimetric space, let Y be a linear space equipped
with a variable domination structure D: Y =Y, and letf: X — Y be a
vector-valued mapping. Given k € Y\ {0}, xo € X, Vo := f(Xo0),

© :=D(yp), and € > 0, we consider the set-valued mapping W: X = X

defined by
W(x) := {u € X | f(x) — f(u) — VZq(x, u)k € D(f(x0))}
and the extended-real-valued function ¢ : X — RU {00} defined by

Y(X) := po k(f(X) — f(x0))-

20



Efficiency EVP, BMST (2020)

Impose the following assumptions:

(E1) (boundedness condition) The scalarized function ¢ is bounded
from below over W(xp).

(E2) (limiting monotonicity condition) For every infinite nonconstant
generalized Picard sequence {x,} of the set-valued mapping W
the convergence of the series Y77 ) q(Xn, Xn41) Vields the
existence of x, such that

vneN, x, € W(xp).

(E3) (scalarization condition) © is k-vectorial closed with 0 € ©,
©+0 CO, 0+cone(R) C O, and ©N(—cone(R)) ={0}.

Then, there exists x.. € W(xo) satisfying the inclusion

W(x.) € {x.} := {u € X| q(xs,u) = 0}.

21



Efficiency EVP, BMST (2021)

If in addition the condition
(E4) (uniqueness limit condition) (X, q) is forward-Hausdorff
is satisfied, then the conclusions of this theorem reduce to

(i) f(x0) — f(x+) — vq(x0, X )k € D(f(%0)) and
(ii) Wx € X\ {X}, flx.) = f(X) = v2q(x., )k & D(f(x0))-

Furthermore, imposing the domination condition
(E5) D(f(x.)) € D(f(%0))
ensures that
WX € X\ (X3, 1) — () — VEq(xs, X)k & D(f(x.)).

If finally the starting point xq is an ek-efficient solution of f w.rt. D,
then x, can be chosen so that in addition to (i) and (ii) we have

(i) g(xo,x:) < VE.

22



A Sketch of the Proof

Starting with xo, we assume that x, is given. If W(x,) = {x,}, then
X, = X satisfies the desired conclusion. Otherwise, choose

Xnt1 € W(xn) \ {xn} satisfying

P(Xny1) < inf 1/’(“)"‘%-

ueW(xn)
It is obvious that such an element x, exists due to the
boundedness from below of the function v assumed in (E1). We aim
at verifying that the consecutively different generalized Picard
sequence {x,} forward-converges to the desired element by splitting
the proof into several steps.
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A Sketch of the Proof

o If u € W(x), then f(u) <e f(x) and W(u) C W(x).

e For every u € W(x,) we have the estimate
]
Vn € N,vx € W(xp), veq(xn,u) < 50
e The series >-77, q(Xn, Xa41) iS cOnvergent.
e The inclusion in W(x,) C {x.} := {u € X | q(x,,u) = 0} is satisfied.

e Imposing (E4) gives us assertions (i) and (ii) of the theorem.

e The domination inclusion in (E5) yields
Vx € X\ {3, fxe) = fX) = vea(x., )k & D(f(x.)).
e If xq Is an ek-efficient solution of fw.rt. D, we have (iii).
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Illustration for the Efficiency EVP

Let X :=Rand Y:=TR, and let f: X — Y be defined by

X, 2 —=1) if x<0,

fog = {20

(x,1) if x>0.

The domination structure D : R = [ is given by
DY) = 4™ {(1,0), (bl val)} i y1 <0 and y, <0,
R otherwise.

Takee =1,% =0, k= (1,1),and d(x,u) = 1/2|x — u|. In this case we
have ¢(x) = ¢g . Itis easy to check that:

a) W(0) =[-0.5,0] and W(—0.5) = {—0.5}.
b) fis ¢r -bounded from below.
c) fis not R -lower semicontinuous since
lev(f,0r) = {x € X| f(x) € 0 — R, } = (—00,0)

is not a closed setin R
25



Illustration for the Efficiency EVP

d) f(—0.5) = (-0.5,—1+1/v/2), f(0) = (0, 1),

D(f(—0.5)) = cone {(1,0), (0.5,1— 1/v/2)}, and D(f(0)) = R.. It is
obvious that f(—0.5) <px)) f(0) and D(f(—0.5)) € D(f(0)), and
hence condition (E5) is satisfied.

e) Condition (E2) holds since for any nonconstant generalized
Picard sequences in W, (without loss of generality it can
assumed that x, < 0) we have that W(x,) is closed whenever
n € N. Then, the existence of x, follows from the classical Cantor
theorem.
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Vectorial EVP

Let X #£0,f: X — Y, W:X= Xwith
W(x) := {u € E| f(u) +q(x, u)R <p f(x)}, Xo € domf. Assume that

(D1) g is a quasi-metric on W(xo) and <p is a preorder.
(D2) ¥ is bounded from below on f(W(xo)) — f(Xo).

(D3) fis a strictly pk-decreasing lower-semi-continuous on W(xo) in
the sense that for every Picard sequence (x,) of W, one has

vn e N:‘Pg(f(xm+1)) < ‘Pg(f(xn))
= . € X,q(Xn,Xx) = 0 and Vn e N, f(x.) <p f(xn).

(D4) For each distinct Picard sequence {x,} of W, g(xn,x.) — 0 and
q(Xn, V) = 0 imply X, = V..

Then, these exists x, € W(xo) such that W(x.) = {x.}.

27



In Theorem 5.1 in [Soleimani, JOTA 2014] and Theorem 3.8 [Bao et a,
JCA 2017], the boundedness condition (E1): fis bounded from below;
the condition (E2): fis (R, D(vo))-lower semicontinuity in the sense
that M(t) = {x € X : f(x) € tk — c1D(yo)} is closed for all t € R the
scalarization condition (E3) is assumed for all domination sets D(y)
foryev.

In Theorem 3.2 [BEST, JCA 2017], the boundedness condition (E1): fis
quasibounded from below w.rt. D(y,); the condition (E2): fis
D(yo)-lower semicontinuity in the sense that

Lev(y;f) = {x € X: f(x) €y —D(yo)} is closed for all y € y; the
scalarization condition (E3): D(yo) is a proper, closed, convex and
pointed cone.

The boundedness condition (E1) of the scalarized function % is
equivalent to the existence of a real number m such that colorred

P(X) = o(f(x)) >m forall xedomf <= f(x) & mk—"D(y.).
28



On Boundedness Condition

The boundedness from below condition of ¢} on X is equivalent to

Ir e RVx e X, f(x) € TR—D.

Consider f: R— R with

JO,=x) if x>0;
) = {(X,O) if x< 0.

Let D =R and k= (1,1). We have @§(f(x)) = 0 and thus bounded

from below.
fis not quasibounded from below in the sense that there is a

bounded set M such that
Vx e X, f(x) e M+ K.

29



Nondomination EVP, BMST (2020)

Let (X, g) be a quasimetric space, let Y be a linear space, letD:Y =Y
be a domination structure on Y with the nondomination relation <y,
let k € Y\ {0}, and let © := D(f(xo)). Given xo € X and € > 0, define
the set-valued mapping W = Wy, . : X = X by

W(x) = {u € X | f0) - VZq(x, u)k — f(u) € DIu)))}.

Consider also the extended-real-valued function ¢ : X — RU {0}
given by

Y(X) := po k(f(X) — f(x0))-

30



Nondomination EVP, BMST (2021)

Impose the following assumptions:

(F1) (boundedness condition) « is bounded from below on W(x); i.e.,
there exists 7 € Rsuch that ¢(x) > 7 for all x € W(xo).

(F2) (limiting monotonicity condition) for every generalized Picard
sequence {x,} of the set-valued mapping W, the convergence of
the series 12, G(Xn, Xnt1) Yields the existence of x, satisfying
X« € W(xp) forall n € N.

(F3) (scalarization conditions)

(F3-a) © is k-vectorially closed, ® + © C ©, © + cone (k) C ©, and
© N —cone (k) = {0}.
(F3-b) Vx € W(xo), D(f(x)) + cone (k) C D(f(x)).

(F3-c) Vf(u) — fiw) € D(f(w)), D(f(w)) + D(f(u)) € D(f(w)).
(F3-d) @' C ©, where ©" := U{D(f(x)) : x € W(x0)}.
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Nondomination EVP, BMST (2021)

Then, there exists x,. € W(Xo) such that W(x,) C {x.}, where
{x.} == {u eX|q(xu) =0}.
Assuming furthermore that

(F&4) (unigueness condition) the forward-limit of a forward
convergent sequence in the quasimetric space (X, g) is unique.

Then, the conclusions of the theorem can be written as
(i) f(xo) — vEq(X0, Xs) — f(X«) € D(f(Xx)),
(i) VX # X, f(x.) = VEq(Xs, X)R — f(X) & D(f(X))-

If the starting point Xq is an ek-nondominated solution of fw.rt. D,
then we have in addition to (i) and (ii) that x, satisfies

(i) g(xo0,x:) < Ve
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Theorem 312 in [BEST, JCA 2017] provides a nondominated version of
EVP. Under appropriate assumptions, there exists an element
x € domf such that the following conditions hold:

(i) s(f(x)) + ved(x, xc) < s(flxc))-
(ii) d(%,x.) < V&
(iii) x is an exact solution of the scalarized function defined by

fri=sof+ed(x,),

where s is an extended version of the Gerstewitz scalarization
function s : Y — R U {+oo} defined by the formula

s(y) :=inf{teR|yea+tk—D(y)}.
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