Motivation Preliminaries Solution concepts Scalarization References The End

Christian Giinther

Martin Luther University Halle-Wittenberg
Faculty of Natural Sciences Il & Il
Institute of Mathematics & Institute of Informatics

Workshop on Optimization and Operator Theory
November 15, 2021




Motivation Preliminaries Solution concepts Scalarization References The End

Christiane Tammer (MLU Halle-Wittenberg, Halle, Germany)
Bahareh Khazayel (MLU Halle-Wittenberg, Halle, Germany)
Ali Farajzadeh (Razi University, Kermanshah, Iran)

The presented results are published in the papers:

@ B. Khazayel, A. Farajzadeh, C. Giinther, C. Tammer (2021) On the
intrinsic core of convex cones in real linear spaces, SIAM Journal on
Optimization, 31(2), 1276-1298,
https://doi.org/10.1137/19M1283148

o C. Ginther, B. Khazayel and C. Tammer (2021) Vector Optimization
w.r.t. Relatively Solid Convex Cones in Real Linear Spaces, Journal of
Optimization Theory and Applications (accepted),
http://www.optimization-online.org/DB_HTML/2021/04/8364.html

Christian Giinther



Content

© Motivation

© Preliminaries

© Solution concepts in vector optimization based on the intrinsic
core notion

@ Some new linear scalarization results in vector optimization

Christian Giinther Vector Optimization w Relatively Solid C x Cones in Real Linear Spaces



s The End




Motivation Preliminaries Solution ¢ 5 Scalarization References

It is known that in vector optimization in infinite dimensional linear
spaces difficulties may arise because of the possible non-solidness of
ordering cones (for instance in the fields of optimal control, approximation
theory, duality theory). Thus, it is of increasing interest to derive
optimality conditions and duality results for such vector optimization
problems using generalized interiority conditions. Such conditions can
be formulated using the well-established generalized interiority notions
given by quasi-interior, quasi-relative interior, algebraic interior (also
known as core), relative algebraic interior (also known as intrinsic core,
pseudo relative interior or intrinsic relative interior). Moreover, it is
known that for defining Pareto-type solution concepts of vector
optimization problems, generalized interiority notions are also useful.
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Having two real linear spaces X and E, a vector-valued objective function
f: X — E, a certain set of constraints Q C X, a convex (ordering) cone
K C E (with possibly empty algebraic interior), a vector optimization
problem is defined by

f(x) = min wrt. K
x € Q.

For this problem, a useful solution concept is to say that a point x € Q is
optimal if
{x € Q| f(x) € f(x) —icorK} =0, (1)

where icor K denotes the intrinsic core of K.
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By involving an appropriate set S C E \ {0} with icor K C S one can
define a stronger solution concept by replacing (1) by

{x Q| f(x) € f(x) — S} = 0. (2)

Notice that (2) implies (1). This leads to other solutions concepts such
as the well-known concepts of Pareto efficiency (i.e., x satisfies (2) for
S:= K\ (—K)) or proper Pareto efficiency (i.e., X satisfies (2) with
S := cor C for some generalized dilating cone C).
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Let
E':={x': E — R | X is a linear functional}

be the algebraic dual space of E.

Consider the strongest locally convex topology 7. on E, that is
generated by the family of all the semi-norms defined on E; 7. is
known as the convex core topology.

The topological dual space of E, namely (E, 7.)*, is exactly the
algebraic dual space E’.

References: Holmes (1975), Khan, Tammer and Zilinescu
(2015), and Z3linescu and Novo (2021)
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Some algebraic definitions

o corQ:={xeQ|Vve EIi>0: x+[0,0] - v CQ}.
0 icorQ:={xeQ|Vveaf(Q-Q)36>0: x+[0,0]-vC
Q}.
0 aclQ:={xe€ E|3IxcQ [x,x) C Q}.
As usual, the set Q2 C E is said to be
o (algebraically) solid if cor Q # (.

o relatively (algebraically) solid if icor Q # 0.
o algebraically closed if aclQ2 = Q.
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o For any linear topology 7 on E, we have aclQ C cl, Q.
Hence, if cl- Q = Q then Q = acl Q.

o For any relatively solid, convex set €2, we have
acl Q = cl;. Q.
o For any convex set 2, we have

corQQ =int, Q2 and icorQ = rint,_ £2.
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Algebraic properties of convex cones

Definition 1

Let E be a real linear space. A set K C E is called a convex cone
ifFoe K=R;-K=K+K.

Assume that K C E is a convex cone. Define ((K) := K N (—K).

1" Q:= K\ {K) is a convex set and Qy := QU {0} is a
pointed, convex cone.

2" Forallx € Q and all x € K we have [X,x) C Q.

30 IFQ#0D, then @ C K C acl Q.

1" QAN <= icorK C Q < 0¢icorK.
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Consider the following subsets of E’
Kt :={x' e E'|Vke K: x'(k) >0},
K#:={x' € E'|Vk e K\ {0}: x'(k) > 0},
K% :={x' € E'|Vke K\ /K): x'(k) > 0}.
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Theorem 2

Assume that K is a T.-closed, convex cone. Then, the following
hold:

cor Kt C K#,.
icor KT C K&,
Now, assume that E has finite dimension. Then, we have:
If KT is solid, then cor KT = K.
icor KT = Kt n K&,
If either K # ((K) or K = {0}, then icor KT = K.
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Separation theorems in linear spaces using algebraic notions

Proposition 3 (Holmes' support theorem)

Assume that Q C E is a relatively solid, convex set, and x € E.
Then, the following assertions are equivalent:

1" x ¢ icor Q.
2 3Ax' e E,aeRVweicorQ: x'(x) < a< x'(w).

Corollary 4

Assume that Q', Q% C E are relatively solid, convex sets. Then,
the following assertions are equivalent:
17 (icor Q1) N (icor Q2) = 0.
2° Ix' € E',a € R,Vw! €icorQ!,w? € icor Q2 :
0 < a< x'(wl) - x(w?).
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Assume that X and E are real linear spaces, and E is pre-ordered
by a convex cone K. In vector optimization, one aims to
minimize a vector-valued function

f: X—=E

over a nonempty set Q of X, i.e.,

{f(x) — min w.r.t. K (Pa)

x € Q.

Typically one is looking for so-called Pareto efficient solutions of
the vector optimization problem (Pq). Notice, the ideas for such
solution concepts for vector optimization problems date back to
Edgeworth (1881) and Pareto (1906).
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We assume now that
K C E is a convex cone with K # {(K). (3)

It is well-known that K induces on E a preorder relation <k
defined, for any two points y,y € E, by

ysky = yey-K
Moreover, consider the following binary relations:

<= yey—K\{K),

Y <k
y <k <= yey—icorK.

<I <l
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Pareto efficiency in vector optimization

Definition 2 (Pareto efficiency)

A point X € §Q is said to be a Pareto efficient solution if for any
x € Q the condition f(x) <k f(X) implies f(X) <k f(x).

The set of all Pareto efficient solutions of (Pq) is denoted by

Ef(Q] f,K):={XeQ|V¥xeQ: f(x) <k f(X) = F(X) <k f(x)}.
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f
f1Q]
f(%)
T R2\ {0}) #0
R3\ {0}) =0
N(F(%)—R2\{0}) #0
0 fi
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Weak Pareto efficiency in vector optimization

Definition 3 (Weak Pareto efficiency)

A point x € Q is said to be a weakly Pareto efficient solution if
there is no x € Q such that f(x) <k f(X).

The set of all weakly Pareto efficient solutions of (Pq) is denoted
by
WEf(Q | f,K) :={xcQ|fxeQ: f(x) <k f(X)}.
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As usual for Henig-type proper efficiency concepts, (generalized)
dilating cones for the cone K (which satisfies (3)) will play an important
role. Our considered proper efficiency concepts will mainly be based on
two specific families of convex cones, namely C(K) and D(K), that we
introduce below:

C(K) :={C C E| Cis a convex cone with K\¢(K) C icor C and C # ¢(C)}
and

D(K) :={D C E | D is a nontrivial, convex cone with K\{(K) C cor D}.
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Definition 4 (Proper efficiency in the sense of Henig)

A point x € Q is said to be a classical Henig properly efficient
solution if there is a nontrivial, convex cone D C E with
K\ ¢(K) CcorD (i.e., D € D(K)) such that x € Eff(Q | f, D).
The set of all classical Henig properly efficient solutions of (Pq) is
denoted by

PEff.(Q | f, K).
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Solution concepts
Henig-type proper efficiency

Definition 5 (Extended proper efficiency in the sense of Henig)

A point x € Q is said to be a Henig properly efficient solution if
there is a convex cone C C E with K \ ¢(K) C icor C and
C#/(C) (ie., CeC(K)) such that x € Eff(Q2 | f, C).
The set of all Henig properly efficient solutions of (Pq) is denoted
by

PEff(Q | f, K).
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Suppose that K satisfies (3). Then, the following assertions hold:

PEff(Q | f,K) C PEf(Q | f,K) C Ef(Q | f,K) C WEF(Q |
f,K).

IfC(K) = D(K) (e.g., if K is solid), then

PEff.(Q | f, K) = PEfE(Q | f, K).

IfFC(K)=0 (<= DK)=0 <= K&=10), then

PEf(Q | f,K) = PE(Q | f,K) = 0.

PEf(Q | £, K) = Upegey EE(Q | £, D) = Upepx) WER(Q |
f, D).

PEfF(Q | £, K) = Ucee) BE(Q | £, C) = Uceepr) WEE(Q | £, ).

It is possible that
PEff (Q | f,K) C PEf(Q | f,K) C Eff(Q | f, K).

Christian Giinther



Scalarization s The End




Scalarization

Monotonicity concepts for real-valued functions

Definition 6

Given a binary relation ~g€ {<k, <k, <k}, a function ¢ : E — R
is said to be ~g-increasing if

Vy,yEE: y~ey = o(y) < ¢(¥).

Recall that
ySky = yey-K,
y<ky = yey—K\{UK),
y<ky & yecy—icorK.
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Consider a real-valued function ¢ : E — R. Then, the following
assertions hold:

If ¢ is <k-increasing, then

argmin, o (¢ o f)(x) C WEff(Q | f, K).

If ¢ is <k-increasing, then

argmin,cq (¢ o f)(x) C Eff(Q | f, K).

If ¢ is <p-increasing for some D € D(K), then

argmin, .o (¢ o f)(x) C PEff(Q | f, K).

If ¢ is <c-increasing for some C € C(K), then

argmin,q (¢ o f)(x) C PEff(Q | f, K).
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Linear scalarization results

Suppose that K satisfies (3). Then:
1° For any x' € KT\ ¢{(K™), we have
argmin, .q (x" o f)(x) C WEff(Q | f, K).

0% For any x' € K%, we have
argmin, g (x' o f)(x) CPEff(Q | f,K) C PEff(Q | f, K).
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K-convexlike functions

As usual, the vector function f : X — E is called

o K-convex on the convex set Q C X if, for any x,x € Q and
A € (0,1), we have
f(Ax 4+ (1 =X)X) € M(x)+ (1= Nf(x)— K.

» K-convexlike on Q C X if f[Q] + K is a convex set.

Any K-convex function f is K-convexlike as well.
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Theorem 9

Suppose that K is relatively solid and satisfies (3). In addition,
assume that the function f is K-convexlike on Q, and f[Q] + K is
relatively solid. Then, the following assertions hold:

WES(Q | f,K) C U argmin,cq (x" o f)(x).

X'eKT\{0}
If KT is pointed, then
WESf(Q | f,K) = U argmin,cq (x" o f)(x).
X'eKT\{0}
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Scalarization results (weak Pareto efficiency)

Theorem 9 (part 2)

30 If x e WEff(Q | £, K) and f(Xx) + icor K C icor(f[Q] + K),
then

X € U argmin, o (x" o f)(x).
X' EKH\E(K+)

A0 FIWEH(Q | £, K)] + icor K Cicor(f[Q] + K), then

WEf(Q | f,K) = U argmin, . (x" o f)(x).
X' EKF\E(K+)
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Scalarization result (Henig proper efficiency)

Theorem 10

Suppose that K satisfies (3). Assume that the function f is
K-convexlike on Q2. Then:
10
PEf(Q|f,K)= (] argmin,q(x o f)(x).
x' eK&

2% If K is T.-closed, and E has finite dimension, then

PEff (Q|f,K)= ] argmin,q (X of)(x).

x’€Eicor K+
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Theorem 11

Suppose that K is relatively solid and satisfies (3). In addition,
assume that the function f is K-convexlike on S2. Then:
If x €e PEff(Q | f,K) and f(X) +icor K C icor(f[Q] + K),
then
x€ |J argmin,q (x' o f)(x).
x'eK&

If f[PEfE(Q | f, K)] + icor K C icor(f[Q] + K), then

PEff(Q|f,K)= | argmin,cq (x"of)(x).

x €K&
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Scalarization results (Henig-type proper efficiency)

Theorem 11 (part 2)

37 If K is 1c-closed, E has finite dimension, and
f[PEff(Q | f, K)] + icor K C icor(f[Q] + K), then

PEf(Q|f,K)= |J argmin,q(x of)(x).

x’€icor K+
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