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Projection can be computationally inexpensive

B={zecelR":; <z;<wu;,i=1,...n}

1. Loopover alli =1....,n.

2. Ifx; < [; then Set z; = [;
3. If x; > u; then Set x; = u;
4. Return =x.

Figure 2: Operator Pg : Projection of € IR™ onto the set B




Projection vs Rescaling = nonsmooth vs smooth transformations
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Constrained convex quadratic optimization
problem with linear constraints

R >R

min f(x), xe X=INE
Inequality constraints
= {x eR":c(x)=20,i= l,...,m}

Equality constraints

E= {xe R":g.(x)=0, i=1,...,p}
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Augmented Lagrangian Method (Hestenes, Powell, 1969)

Li(x.N) = f(z) = XTg(a) + 5g(x) g(a)

T~ #(A) = argmin Ly(z, \)

rehB

A= A\— kg(2)
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Nonlinear Rescaling of constraints (R. Polyak)

Equivalent problem

) min f(x)

/ s.t. k' (ke;(x))=0

/ k 1s the scaling parameter

Lagrangian for the equivalent problem

D, (x,9) = £(X)— kS ywlhe, ()
=1

() =log(l+1¢) - Modified Barrier, Polyak

w,(t)=1—e"" - Exponential, Kort and Bertsekas



Nonlinear rescaling method

x=argmin®, (x,y)

y= LP'(kc(fc))Ye

Y = diag(l//'(kcl- ()2)))
Y = diag(y,)

k 1s fixed!!!

nonlinear rescaling




Nonlinear Rescaling - augmented Lagrangian
Method

D, (3,3,2) = 100~k Dy lke ()2 g0+ ()

x=argmin®, (x, y,z)
xeR"
P =¥ (ke(%))Ye

2=z —ke(3)




Proximal-point Nonlinear Rescaling - augmented
Lagrangian Method

® (x.3,2) = f (%) kliyiw(kc,- ()" g(x) +§Hg<x>H§

1 T
+ i(l —a) (r—a)

x=argmin® (x,y,z)
xeR"
P =¥ (ke(%))Ye

2=z —ke(3)




Can we say when we should project or rescale?



Maximal monotone operator

Definition.

Let H be a real Hilbert space with inner product ) .
A multifunction 7 :H — H is a monotone operator if

(z=z,w=w)20 whenever weT(z), WeT(z)

The operator is maximal monotone if, in addition, the graph

G(T)={(z,w)eHxH|weT(z)}

is not properly contained in the graph of any other monotone
operator 7':H — H.

A fundamental problem is to determine Z such that 0 € 7'(z).

The proximal point algorithm generates for any starting point z, a sequence
{z,} in H by the approximate rule

Zp+1 =~ P(z,), where P = (I + kT)™*



Augmented Lagrangian Method

Li(x.N) = f(z) = XTg(a) + 5g(x) g(a)

~ #(A) = argmin Ly(x, A)

rehB

A= A\— kg(2)

Adding a Proximal term

k

1
Li(z,a,)) = f(z) — A g(z) + 59{$}T9{$) + 5

(@-a)@-a)



Augmented Lagrangian method is a proximal-point
algorithm

Iy ={ 0 i T€B
B ™ 400, if z¢ B.

f(z) = f(z) + Ip(z) = { i{;} ﬁ izgf

L(z,\) = f(z) = \Tg(z) = L(z,\) + Ip(x)

O L(z,\) = 0,L(x, N)1 x 9z L(z, N)a X « -+ x 8, L(x, \)n

) WIL(I ;!'I.}-I'.., it [ < o < uy
(VoL(x, )i, +o0), if z; = uy.
z=(z,A)

T(z) = (8.L(x,\),—0xsL(x, \)) = (8.L(x, \), g(z))



Augmented Lagrangian Method

1

A R

. Set x € B, A =0, rec = accur(x,x, A).
Select k >0, e >0, 0<l <1,4 =1,
Find # =~ argmin L£;(v,z, A) with FPGM such that p(z,z,A) < €/k

vel
Set rec := accur(z, z, A)

Find A = A — kg(#).

Set r =1, A := ju, e :=be, k:=0k.

If rec > RequiredAccuracy then Goto 2.
Stop.

FIGURE 1. Boxed Augmented Lagrangian FPG Method

(VaL(x,a, X)), if l; < x; < wuy,
pilx,a, A) = max{0, —(V.L(x,a,A));}, if z; =1,
max{0, (VoL(z,a, X))}, if x; = ug,

p(z,a,\) = max pi(z,a,\)

accur(z,a, A) =: max{pu(z, z, A), |[lg(z)]||}

accur(x,a,l) =0=|x=x*A1=1"a =x"




Augmented Lagrangian method is a proximal-point
algorithm

Lemma 5.1. The augmented Lagrangian method is equivalent to the
following prorimal point method
(5.5) Find 241 : dist(0, Sp(zps1)) < %”
where zp = (xp, Ap), D_ €p < 00,

Sp(2) =T(2) + k™' (z — zp),

T(z) = 8.L(z) = (8.L(x, ), —xL(z, \)),

z* = (x*,\*) is  the solution <4=mmd 0¢c d.L(z* \*), g(z*)=0.
a=) 0cT (2"



Fast projected gradient method (Beck-Teboulle,
Nesterov, Polyak)

1. Input (x, A), v:= .
2. Set v=wv,t=1. Select L > 0.
3. Set © = Pg(v— 1+ VyLi(v,z,N))
4. Set t = 0.5(1 + V1 + 4¢7)
5. Setv=0+(0—-v)(t—-1)/t
6. Set o=0,t=1
7. It p(v,z,A) > RequiredAccuracy, Goto 3.
8. Output v.
FIGURE 3. Fast Projected Gradient Method

Lemma 5.2. For the sequence {x.} generated by the FPGM in Figure 3 for a
conver quadratic problem the following bound takes place

2L||xo — Tmin(z, }‘}“2
(s+1)2

where L > 0 is the Lipschitz constant mentioned earlier in the texrt and

(5.6) Li(zg,, A) — Lp(zmin(z, A), 2, A) <

Tmin (2, A) = argmin Lg(v,z, A). (Follows from Polyak, 2015)
vel



Convergence

Theorem 1. The sequence {(x,, A,)} generated by the AL-FPGM in Figure
1 has a unique cluster primal-dual pair (z*, \*) that satisfies the first order
optimality conditions

(Vo L(z* \*), 2 —2*) >0 VreB
and
g(z™) = 0.

ie. {(zp,A,)} converges to the optimal solution of problem (1) in the weak
sense.

The proof is based on showing that the method satisfies conditions of Theorem 1
in Rockafellar (1976) for a general proximal-point method
(details can be found in Pure and Applied Functional Analysis, 3(3), 417-428, 2018)



Proximal-point nonlinear rescaling (PPNR) method

L:R"xR”, xR", »R:L(r,y. k Zyt Y (kici(x))

€ " and R}, are initial primal and dual approximations, {ks > 0} is the nondecreasing sequence.

The PPNR method generates three sequences {k*} C IRY, . {+*} C IR", {y*} ¢ .. by formulas

E° = (ki=rFke(yd)™ i=1,....m). (5)

ST = argmin{L(x, % k%) +

v = (T = gt (Re(ttY), i=1,.,m) (7)



Proximal-point nonlinear rescaling (PPNR) method

Lemma 4.1. One step of the PPNR method (5)-(7) is equivalent to finding a saddle
point (x5, 5T of the following function

1
M (e, y,x® L. o y—y* |-
(0 y,2%y7) = Lix,y) + 51 1" = 5y = vl
where ||y||%2_1 = yTR_y, and R}, is a diagonal matriz with positive entries,
(if”l-.y”l):;gﬁ% in M (e, y,®,y°) = wmin JER M(x,y, %, y°)
where Reiq = diag (i) o5 = — [0 (05 kfei(571))] > 0 and 0 < 65 < 1.

Rescaling of the primal constraint functions leads to rescaling of dual variables!



Rescaled in the dual space proximal-point method

. VeL(x,1
Tr(z) = ( —RV, L(x,1

PR(E) = (I+k'TR)_1

)
)

=

) is a monotone operator

=

z'“ — {Iﬂ._'yﬂ}._ TD = ]Hflﬁ y“ c Rf+ E.S-|—-1 — PR3+1{ES}'- g — D, 1! o



Proximal-point nonlinear rescaling (PPNR) method
G., Polyak, 2011)

Let {5 > 0} be a sequence such that > 7~ =, < co. Then the modified PPNR
method generates the following three sequences {k°} c RT", | {2°} ¢ R", {y°} C
RY..

k= (kf =k (yf)™, i=1,....m), (8)
TS+1 : ||vI£{Ts+1!ys?k3} 4 %{TS—H . .TSJH < ;‘_5 {Q}
y = (gt =y (ke (2Y), i=1,...,m) (10)

Theorem 4.10. If assumptions A and B are satisfied and {k; > 0} is a nondecreas-
ing bounded sequence, then any limit point Z = (Z,7) of the sequence {2° = (z*,y%)}
generated by the modified PPNR method (8)-(10) is the primal-dual solution, i.e.
(2,7) € X* x Y™

Published in Numerical Algebra, Control & Optimization, 1(2), 283-299, 2011



Projection vs Rescaling = nonsmooth vs smooth transformations

A

(1)

To project or to rescale?

v

For smaller smooth problems we can use Newton’s method, while for larger
nonsmooth problems, we can use fast projected gradient methods.

But where is the switching point from smaller to larger problems?



Numerical experiments: Support Vector Machines (V. Vapnik)

ol Y=F(X) Y

\ 4
v

Bor={oaceR":0<a; <C,i=1,...m}

Tt m

minimize fla) =3 Zzutyjn o K (x, ;) — Z Y

i=1 j=1 =1

subject to gla) = Z yicr; = (.

Qij = ¥iyiK(xi, x;)
K(xi,xj) = exp (—}/”Xi - xJ“; )



Increasing the scaling parameter k, n=1000 variables
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Increasing the scaling parameter k, n=1000 variables
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Increasing the number of variables: 5000,5050,...,10000

4 T T
Solving one linear system A
Newton-NRAL
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Conclusions

e Lagrange multipliers methods based on both nonlinear rescaling and projection lead to
proximal-point methods that can be analyzed with the theory of maximal monotone
operators

* Projection to the feasible set leads to a nonsmooth treatment of the optimization
problem with rescaling not required

e Nonlinear rescaling method rescales the distance in the dual space for the implied
proximal-point method, and, in turn, rescales the dual component of the image of the
maximal monotone operator, but leads to a smooth treatment of the optimization
problem

e While rescaling allows using Newton’s method the projection, projection makes
Newton’s method useless

e If the first-order methods to be used, then projection could be a better choice than
rescaling

e Numerical experiments suggest that the size of the problem may need to be very large
for the quadratic programming problems, so Newton based nonlinear rescaling methods
become less efficient than projection based first order methods.

e The investigation to be continued...



Thank you!

Questions?
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