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Abstract

We study the split feasibility and fixed point problems for Lipschitzian
pseudocontractive and nonexpansive mappings in real Hilbert spaces.
Using Tikhonov's regularization technique, we propose and analyze
iterative schemes for approximating solutions to such problems.
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Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm
Il - ||, and let K be a nonempty, closed and convex subset of H.

e weak conv.: ‘x, — x" i.e (x5, ¥) — (x,y) as n — oo for all y € H.
@ Let T: H — H be amapping. Fix(T) :={xe€ H: Tx = x}.

Definition: A mapping T : H — H is said to be:
(i) L-Lipschitzian if there exists a constant L > 0 such that

[ Tx = Ty|| < Llx —y|| Vx,y € H.

T is a contraction if L € [0,1). If L =1, T is nonexpansive;

(i) Pseudocontractive if

(Tu— Tv,u—v) < |lu—v|?® Yu,veH,
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Introduction

(iii) Quasi-pseudocontractive if Fix(T) # () and

(Tu—v,u—v) < |lu—v|? Yue H,v e Fix(T);

(iv) Monotone if

(Tu— Tv,u—v)>0Vu,v e H.

@ T is monotone if and only if /| — T is pseudocontractive.
@ The solutions of the operator equation Tu = 0 coincide with the fixed
points of | — T.
We denote the solution set of the operator equation Tu =0 by zer T.

Definition
The metric projection of x € H on K is defined as

Pkx :=argmin{|[[x — y|| : y € K}.

i = = et
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Introduction

Let H; and H> be real Hilbert spaces, C C H; and Q C H» be nonempty,
closed and convex and A : H; — H, be a bounded linear operator.

Split Feasibility Problem (Censor & Elfving, 1994)

Find x€ C such that Ax € Q. (SFP)

@ An iterative scheme derived from the multiprojection algorithm in
(Censor & Elfving, 1994).

e The multidistance projection algorithm in (Byrne, 2001).

e CQ-algorithm (Byrne, 2002)

Xnt1 = Pc(xp — yAT (I — PQ)Axs), n € N. (1)
The SFP is equivalent to the following constrained optimization problem:
1
in f(x) := = [|Ax — PoAx|%. 2
min f(x) := 5 [|Ax = PoAx| (2)

f is continuously differentiable and its gradient Vf is given by
Vi(x) = A*(I — Pg)Ax.
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Introduction

x1 € Hi, xpt1 = Pc(xn — YVF(xs)), n €N, (3)

where 0 < v < ||XH2' (3) converges weakly to a solution of the SFP.

Xu (Xu, 2010 ) considered the following Tikhonov regularization:
1 1
in f7(x) := = ||Ax — PoAx||? + =7||x||? 4
min £7(x) := Z[|Ax — PoAX||” + lx]I%, (4)

where 7 > 0 is the regularization parameter. Note that,
V7 (x) = A*(I — Pg)Ax + 7x.

Theorem (Xu, 2010)

x1 € Hi, xpt1 = Pc(xn — YV (x5)), n €N, (5)

where 7y € (0, W) and Y77, 7, < 0o. Then {x,} converges weakly to a
solution of the SFP.
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Introduction: Split Feasibility and Fixed Point Problem

Let T: Hy — H; and S : H, — H> be two mappings with nonempty fixed
point sets Fix(T) and Fix(S), respectively.

Split Common Fixed Point Problem (SCFPP) (Censor & Segal 2010)

Find x € Fix(T) such that Ax € Fix(S). (SCFPP).

The SCFPP generalizes the SFP. A more general problem is the following
composite problem:

Split Feasibility and Fixed Point Problem (SFFPP)

Find x* € C N Fix(T) such that Ax* € Q N Fix(S). (6)

We denote the solution set of the SFFPP by I'.
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lterative schemes for solving SFFPP

Ceng et al.; 2012

x1 € C,
Zn = PC(I - ’}’anT")Xny (7)
Xnt1 = BnXn + (1 — Bn) TPc(xn — V™ (2z,)), ne€N.

v

Chen et al.; 2015

X1 € C,
an = PC(I - 'YanS)Xna
Wn = PC(Xn - ’Yans(qn)) (8)

Zn = (1 - 5n)Wn o ﬁnTWn
Xpt1 = (1 — an)Wp + anTzp,n €N,

where VS := A*(I — SPq)A.

S is a nonexapnsive mapping and T is Lipschitzian pseudocontractive
mapping.
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lterative schemes for solving SFFPP

Wongsasinchai, 2021

;

x1 € C,

Gn = Pc(l — 'y,,VfST")x,,,

Wp = PC(Xn - ’YanST”qn)7 (9)
Sn=(1—0n)Wp + 0p Twy,

Zn = (1 - /Bn)sn + /BnTsnv

Xnt1 = (1 — an)zn + anTzp,n €N,

where

VS .= A*(I — SPQ)A + Tal.

v

The sequences generated by (9) converge weakly to a point in the solution
set [ if {7,} C [a, b] for some a, b € (0, m) {mn} C (0, 00),

1
YomqmThn<oocand 0 <a<a,<b<f,<c<d, <d< Jpaae
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Motivation for the study

@ The extragradient algorithms (7) - (9) for solving the SFFPP involve
the computation of four metric projections per iteration. Since
computing metric projection amounts to solving a minimization
problem, the computation of four metric projections per iteration does
increase the computational burden of the algorithm.

@ Thus a more economical approach is to reduce the number of
projections per iteration.

@ Using Tikhonov's regularization technique, we propose and analyze
iterative scheme for approximating solutions to the SFFPP for the
case where S is nonexpansive and T is Lipschitzian pseudocontractive.
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Preliminaries

If T:H — H is a pseudocontractive mapping, then its fixed point set
Fix(T) is closed and convex.

Definition

Let T : H— H be a mapping. The mapping | — T is said to be
demiclosed at 0 if for any sequence {x,} in H, the assumptions x, — x*
and (/ — T)x, — 0 imply that Tx* = x*.

Lemma 2 (Zhou, 2009)

Let H be a real Hilbert space and K be a closed and convex subset of H.
Let T : K — K be a continuous pseudocontractive mapping. Then [ — T
is demiclosed at zero.
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Preliminaries

Lemma 3 (Chen et al.; 2015)

Let K be a nonempty, closed and convex subset of a real Hilbert space H
and let S : K — K be a nonexpansive mapping. Set
VS = A*(I — SPk)A. Then

(x =y, VFS(x) = VF5(y)) > == |[VFS(x) - VA2 (10)

— 2JlAl1?

v

Lemma 4 (Tan & Xu, 1993)

Let {a,}$° and {b,}3° be two sequences of nonnegative real numbers
satisfying the inequality

ant1 < ap+ by, YneN.

If >0 1 bp < 00, then lim,_,o ap exists.
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Preliminaries

Lemma 5 (Yao et al.; 2015)

Let H be a real Hilbert space and T : H — H be an L-Lipschitzian
mapping with L > 1.Set To=(1—-a)l+aT((1—r)I+kT). If
O<a<k< 1+\/1+7L and T is quasi-pseudocontractive, then T, is
quasi-nonexpansive and

| Tax—x*||? < |[x—x*|>—a(k—a)(1—rL)?|| Tx—x||? ¥x € H,x* € Fix(T).

v

Lemma 6 (Xu, 2010 )

Let K be a nonempty, closed and convex subset of a Hilbert space H. Let
{xn} be a bounded sequence which satisfies the following two properties:
e every weak limit point of {x,} lies in K;

and

o lim,_o0 ||Xn — X|| exists for every x € K.

Then {x,} converges weakly to a point in K.
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Main Results

Algorithm

Let C and @ be nonempty, closed and convex subsets of the real Hilbert
spaces H; and H», respectively. Let A: H; — H> be a bounded linear
operator and let A* : H, — H; be the adjoint of A. Let S: H, — H» be a
nonexpansive mapping and T : H; — Hj be an L-Lipschitzian
pseudocontractive mapping with L > 1. Suppose that

M={x*e Hi:x* € CNFix(T), Ax* € QN Fix(S)} # 0 and let {x,} be
a sequence generated as follows:

x1 € C,
up = Pc(xy — fST"( ), (11)
Xn+1 = (1_an)un+an ((1_ﬁn)un+,8nTun)7 HGN,

where

VEST(xn) = V5 (xa) + Toxn, VI (xn) = A*(I — SPQ)Axn.
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Main Result

We further assume the following conditions:
(i) 7n € [0,1) with >0, 7, < 00;
- 1.

(II) 0<a<’7n§b<w

(iii) 0<C<oz,,<d<ﬁn<e<1+\/—

The following lemmata are used in the proof of our main theorem.

Given the data in Algorithm (11), the mapping Pc(/ — 7,V f>™): C — C

is a strict contraction with constant (1 — v,7,).

Proof
Let x,y € C. Then

[Pc(x — ¥ VF>™x) = Pc(y — 1V F2™y)|?

(1- ’VnTn)2||X - Y||2

N
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Main Result

The sequence {x,} generated by (11) is bounded.

Sketch of the proof
Let peT.

. lun = pll < lixa = pll + va7allpll- (13)
Using Lemma 5 and (13), we get

C IXn41 — Pl < [Ixn — Pl + va7allpll- (14)

The result follows by applying Lemma 4 to (14).
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Main Result

Theorem 3.3

The sequence {x,} generated by Algorithm (11) converges weakly to a
point in I.

v

Sketch of the proof
Let t, := x, — ’y,,VfST"(x,,) and x € T'.

X421 — x> < [%0 — xJI* = Ya(L = Yall AlIP) | Axn — SP@AX,||?
—’YnTnHXnHz(2 — YnTh)
—Ynl|PoAXn — Axn|1> + 29nTn(X + nV > Xp, Xn)
— ||t — PCan2 = @l = @l = ﬁ,,L)ZH Tup — ”nmlz:-’)

o
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Main Result

Proof (contd)

Rearranging and taking the limit of (15) as n — oo, we see that

||Axn — SPQAXs|| — 0 as n — oo, (16)
|PQAXn — Axp|| — 0 as n — oo, (17)

and
ltn — Pctn|l = O, || Tup — up|| — 0 as n — oo. (18)

It follows from (16) that

ltn = xnll = |Ixn — ¥ VF(xa) — xnl
< Yal|A*||||Axn — SP@AXn]|| + YnTnl|Xal| = 0 as n — 19)

v
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Main Result

Proof (contd)
Using (18) and the fact that T is L-Lipschitzian, we find that

IXn41 — unll = anl| T((1 — Bn)un + BnTun) — unl|
< ap(LBn+1)||Tup — up|| - 0as n— oco.  (20)

Furthermore, from (16) and (17) it follows that
|PQAxn — SPQAXy|| — 0 as n — oo. (21)

Choose a weakly convergent subsequence {xy,} of {x,} and let p be its
weak limit. Then we have u,, — p and Ax,, = Ap as i — oo. Since | — T
and | — S are demiclosed at zero by Lemma 2, it follows that p € Fix(T)
and Ap € Fix(S). Furthermore, since C and Q are weakly closed, it also
follows that p € C and Ap € Q. Thus p € I'. The conclusion thus follows
by invoking Lemma 1, Lemma 3.2 and Lemma 6.

= = = = =
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Application

Split feasibility and convex minimization problem (SFCMP)

Let g : Hi — R be a convex and differentiable function with L-Lipschitz
continuous gradient Vg and let A: H; — H> be a bounded linear
operator. Consider the SFCMP: Find x* € H; such that

x*e CNarg mi’_rl1 g(x) and Ax* € Q. (22)

X€E My

v

The SFCMP serves as a model for some applied problems in image
processing and signal recovery such as finding the minimum energy for
bandlimited signals, and constrained denoising problems.

The mapping Vg : Hy — Hj satisfies the following inequality:

(Vg(x) = Vely),x—y) > %HVg(X) — VeI (23)

From (23) Vg is monotone. Consequently, | — Vg is a Lipschitzian
pseudocontractive mapping with Lipschitz constant (1 + L).
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Application

We denote the solution set of the SFCMP (22) by '4. The SFCMP (22)
can be recast as follows: Find

x* € Hj such that x* € Cnzer (Vg) and Ax* € Q.

We therefore obtain the following theorem regarding the approximation of
solutions to the SFCMP (22).

Theorem 4.1

Let Hi, H> be real Hilbert spaces, and let C and @ be nonempty, closed
and convex subsets of H; and H>, respectively. Let A: H; — H, be a
bounded linear operator and let A* : H, — H;j be the adjoint of A. Let

g : Hi — R be a convex and differentiable function with L- Lipschitz
continuous gradient Vg. Suppose that 4 # () and let {x,} be the
sequence generated by (11) where T =/ — Vg, S =/, and the conditions
(i), (i) and (ii*) 0 < c<ap,<d<fp<e< H; Then the

V/1+(1+L)2
sequence {x,} converges weakly to a point in I,.

™ = = — vt
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Numerical Example

Let H = R and H, = R x R equipped with the Euclidean inner products
and the induced norms denoted by |- | and || - ||, respectively. Let
C=10,00) and @ ={x € Ho:1 < |x|| <3}. Define T : H; — Hy by

—— x—1+57 ifxel0,0),
3 otherwise,
andS:H2—>H2 by
— 3 1
Sx = (% + 5 ? + §) Vx = (x1,x2) € Hoa.

T is Lipschitzian Pseudocontractive for x,y € [0,00) (Yao et al. 2014). If
x € [0,00) and y € (—0o0,0), then (x —y) >0and y — X“—Jfl < 0. Here,

(Tx = Ty, x—y) < [x —yI?

|Tx — Ty| < 5|x —y|.

The above inequalities obviously hold if x,y € (—o00,0). Therefore, it
follows that T is an L-Lipschitzian pseudocontractive mapping with L =5,
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Numerical Example

S is nonexpansive. Let A: H;y — H, be deflned by Ax = (3, 3) VxeH.
In this example M= {3} We choose 7, = (n2+1) Yn = n+5, On = 103,’1’“,

Bn = m, ap = 100n+1 for all n > 1. We compare the performance of
our Algorithm 15 (Ade) with that of algorithms (9) (Won) and (8) (Che)
using different initial values x;. SC:error = |xp+1 — Xn| < 10~7.

Table: Numerical results.

Ade Won Che
Case la CPU time (sec) | 0.0011 0.0233 0.0044
x1=06 No of lter. 16 35 161
Case Ib CPU time (sec) | 0.0012 0.0023 0.0030
x1 = 25.65 | No. of lter. 18 40 192
Case Ic CPU time (sec) | 0.0022 0.0238 0.0028
x1 = 98.22 | No of Iter. 19 45 221
Case Id CPU time (sec) | 0.0015 0.0025 0.0086
x1 = 0.222 | No of Iter. 15 31 156
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Numerical Example

[ 20 40 60 80 100 120 140 160 180 0 20 40 60 8 100 120

Iteration number (1)
——won|
——cne

140 160 180 200
Iteration number (n)

0 50 100 150 200 250 0 20 0 60 80 100 120 140 160
Iteration number (n) Iteration number (n)

Top left: Case la; Top right: Case Ib; Bottom left: Case Ic; Bottom right:

e_ld
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Conclusion

Conclusion

We have studied the split feasibility and fixed point problem for
Lipschitzian pseudocontractive and nonexpansive mappings in real Hilbert
spaces. By combining the gradient-projection method with Ishikawa
iterations, we have proposed a new iterative scheme that involves the
computation of just two metric projections per iteration. We have
established a weak convergence theorem and have given an application of
our main result.

Thank You

N—
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