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Fractional Calculus
Differential Equations

Applications



Fractional calculus is the study 
of integrals and derivatives of 

any order, not only integer. 
There are several definitions of 
fractional integral and fractional 

derivative due to Riemann, 
Liouville, Weyl, Hilbert, etc.



A physical meaning of the 
fractional order in fractional 

derivatives is as index of 
memory. Moreover, fractional 

calculus plays an important role 
in super diffusive and sub 
diffusive processes, which 

makes it a useful tool in real 
world applications.



In 1695 Leibniz wrote a letter to 
L’Hôpital: Can the meaning of 

derivatives with integer order be 
generalized to derivatives with 

non-integer orders?



It will lead to a paradox, from
which one day useful

consequences will be drawn









Riemann-Liouville fractional derivative Liouville-Caputo fractional derivative





The (integer order) derivative is local

The fractional derivative is 
global
It has memory!



Geometric application



Tautochrone curve
A tautochrone or isochrone curve (from Greek prefixes tauto- meaning same 
or iso- equal, and chrono time) is the curve for which the time taken by an 
object sliding without friction in uniform gravity to its lowest point is 
independent of its starting point.



Tautochrone curve
A tautochrone or isochrone curve (from Greek prefixes tauto- meaning same 
or iso- equal, and chrono time) is the curve for which the time taken by an 
object sliding without friction in uniform gravity to its lowest point is 
independent of its starting point.
Abel’s solution:







Fractional logsitic ODE







x(0)=1/2

Classical Logistic ODE
a = 1

Caputo fractional
DE a = 1/2

Caputo-Fabrizio
fractional DE a = 1/2

Caputo-Fabrizio
fractional DE a = 0.1
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Fractional-Order Logistic 
Differential Equation with
Mittag–Leffler-Type Kernel









Future directions
Sobolev spaces of fractional order

Fractional logistic equation

Fractional Laplacian

General M-L functions

Fractional models



Open Problems
Control of fractional systems

Sobolev spaces of fractional order

Fractional logistic equation

Fractional Laplacian

General M-L functions

Fractional models

Fractional Navier-Stokes equations

Fractional epidemic models

Digital Twins

COVID-19 



Control

Given x0 (initial state)  xf (final state) 

Find u such that x(0)= x0 , x(T)= xf

Control



Control

RSME-SMM 21 de junio de 2017
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Digital Twin
for epidemic of COVID-19

Video at

https://twitter.com/CITMAga/status/1511267398405570562
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