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‘H — real Hilbert space with inner product (-, -) and induced norm || - ||.
M; — closed and linear subspaces of H, i =1,..., m.

M:=N", M;.

Pu;, Pm — orthogonal projections onto M; and M, respectively.

The Method of Cyclic Projections
Yo EH, Yk = (PMm...PMI)k(y[)), k = 1,2,....
Rate of convergence for

llyx — Pm(yo)ll; =30 d? (e, M), vk = yi—all.
—0

[J. von Neumann (1933), |. Halperin (1962).]

Assumption

m
Z M- is not closed.

i=1
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Outline

Known Results
e What happens when >-7 M;" is closed?

e What happens when 7", Mt is not closed?

New Results
e A view on the MCP from the product space @7, H.

e Best possible estimates when > | M- is not closed.

Rafat Zalas Technion — Israel Institute of Technology, Haifa, Israel rafalz@technion.ac.il 3/18



What happens when Y7 Mt is closed?

i/\/l,-L = i/\//iL = M*
i=1 i=1

Rafat Zalas Technion — Israel Institute of Technology, Haifa, Israel rafalz@techni.

4/18



Linear Convergence

Theorem 1. " Mi* is closed <= ||Pu,, - .. Pw, — Pu| < 1.
=1

q

[H.H. Bauschke, J.M. Borwein and A.S. Lewis (1997), F. Deutsch (1984).]

Iy — Pu(yo)ll = O(q"),

VESM (v, M) 2 0(qY),
(*)
vk = ye-1ll = O(q").

max {\/3 S (o M), Iy = il } < 2yt = PuGo)l ()
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What happens when Y7 M+ is not closed?

i/vl,lyé iM,i = M+
i=1 i=1
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Arbitrarily Slow Convergence

Theorem 2. Assume that Zf’;l M,-L is not closed. Then, for each sequence
(aK)iZo C (0,00) with ax — 0, there is yo € H such that

llyx — Pm(yo)ll > ax
forall k=1,2,....

[H.H. Bauschke, F. Deutsch and H. Hundal (2009), (2010).]

e There is no such p > 0 that
vk = Pu(yo)ll = o(k™")
holds for all yo € H.

e What about yg's restricted to a subspace X C H?
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Super Polynomially Fast Convergence

Theorem 3. Assume that >, M;" is not closed. Then there is a dense linear
subspace X of H such that for all yo € X and for all p > 0, we have

lyx — Pu(yo)ll = o(k™).

[C. Badea and D. Seifert (2016).]

Consequently, for all yo € X and for all p > 0, we have

i d2 (i, My) @ o(k™?)

(*) -
llyx = yr—1ll = o(k™").

and

max { \/2 S (o M), Iy = yiall } < 2l = PuGo)l ()
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Polynomial Convergence

Theorem 4. For each yo € 3.7, M;" (so that Pu(yo) = 0), we have
lyell = O(k=/Em/m=2),
Moreover, when m = 2, then
lyell = O(k~*72)

and k=2 cannot be replaced by k~*/27¢ for any ¢ > 0.

[P. Borodin and E. Kopecka (2020).]

Open Problem
e Can we show that ||yx|| = O(k~'/?) holds for m > 3?

e Find the best power in ||yx|| = O(k™") for m > 37
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Polynomial Convergence

Theorem 4. For each yo € 37, M;- (so that Pu(yo) = 0), we have
lyell = O(k=/Em/m=2),
Moreover, when m = 2, then
lyell = O(k~*72)

and k~%/2 cannot be replaced by k~*/27¢ for any ¢ > 0.

[P. Borodin and E. Kopecka (2020).]

Example of M; and M, leading to optimality

e For each £ > 0 define yo € Mi* + Ms" such that

C(yo
lly«ll > k1§2+)6 k=1,2,....

e Mit + Mj is not closed.
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Polynomial Convergence

Theorem 4. For each yo € 37, M;- (so that Pu(yo) = 0), we have
lyell = O(k=/Em/m=2),
Moreover, when m = 2, then
lyell = O(k~*72)

and k=2 cannot be replaced by k~*/27¢ for any ¢ > 0.

[P. Borodin and E. Kopecka (2020).]

The Lower Bound Conjecture

e If 37" M- is not closed, then for each ¢ > 0 there is yo € 3.7, M;* such
that

C(yo
lly«ll > k1§2+)€ k=1,2,....
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Asymptotic Regularity
Theorem 5. For each yp € H, we have

Ik = yi—1ll = o(k 7).

[C. Badea and D. Seifert (2016), M. Crouzeix (2008).]

e The product of projections T := P, ... P, satisfies
17 = T = 0.

e Can we replace k! by k~17¢ for any ¢ > 0?

e What is the rate if we restrict yo's only to Y7, M;"?
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New Results

A view on the MCP from the product space
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Product Space Setup
Hi=@H, (xy) =" sy, Il =5 Z0 Xl

C:=M x...xMn and D:={(x,...,x): x€H}
——

m times
Theorem 6. For x = (x1,...,Xxm) € H, we have

Pc(X) = (PM1 (Xl), Ceey PMm(Xm))

and
Po(x)=(s,...,s), where s:=21%" x.

T m

[G. Pierra (1984).]

Peo(x) = (Pyg (xa), .-, Pys (xm)), where €=M x...x My

PMi(X) = (PM,v(Xl), ey PM’.(X,»,,))7 where M,' = M,‘ X ... X M,'
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The MCP Seen from the Product Space

T = PMm-~-PM1 € B(H)
e For yp € H and x := (yo,...,y0), we get

lyse = yiemall = I(T* = T Po(x)]|

\ o 20y (i, Mi) = [|Pe T Po(x))

e For yo= 23" x with x; € M+ and x := (x1,...,Xn), we get

lyill = I T*PoPer (X))

lys = yiemall = I(T* = T PoPe. (x)]]

Vo 2 d2 (i Mi) = [|Pc T“PpPc. (x)||
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Polynomial Estimates

Lemma 7. We have:

(i) I(T* = T Y)Po|l = O(k™);
(ii) ||Pce T*Pol| = O(k™*/?);
(ii) | T*PpPcy| = O(k~Y/?);
(iv) I(T* = T* ") PoPc.|| = O(k~*/?);
(V) [|Per T*PpPcr|| = O(k™).

Proof.

(ii) Follows from

IPc T Pol| < \/FI(TF = T<T)Po[[ = O(k~'/?).
(iii) Because T and T* commute with Pp, we have

i) for T*

I T*PoPes || = (T“PoPer) || = [ Per (T*)Poll " E T O(k™/2).
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Thresholds are Critical

Lemma 8. Assume that one of the following conditions holds for some € > 0:

(i) I(T* = T)Pol| = O(k™7);
(i) [IPcs TPol| = O(k~1/27);
(ii)) | T*PpPcy| = O(k™'/>79);
(iv) I(T* = T )PoPc. | = O(k=*/27);
(v) [IPce T“PoPc.|l = O(k™7%);
Then 3", Mi* is closed and all of the rates become O(g*) for some g € (0, 1).

v

Lemma7 4+ Lemma8 — Best Possible Estimates in H
in H
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Main Result
Theorem 9. Assume that >, Mt is not closed. Then, for each yo € H, we

have
vk — ye—1ll = o(k™") (1)

VS P Mi) = o(k™H2). (2)

Moreover, for each yo € .7, Mi* (so that Pu(yo) = 0), we have

and

Iyill = Ok, (3)
Iy — 1l = O(k™*/?) (4)

and
LS 2y, M) = O(k™). (5)

Furthermore, all of the above-mentioned rates are best possible as the
corresponding polynomials k'/2, k' and k*/? cannot be replaced by k*/2*= ki+e
and k%/%%¢, respectively, for any £ > 0.
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Lower Bound Property

Corollary 10. Assume that > 7, Mt is not closed. Then for each € > 0 and
for each C > 0 there is yo € Y./, M;" and a countably infinite subset of
indices K C N such that the lower bound

lyadl > ChV/27

holds for all k € K.

e Can we show that the lower bound property holds for all sufficiently large
k?
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Thank you for your attention!
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