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Mann's sequential averaging

T : C — C non-expansive / C convex bounded in (X, || - ||) normed space.

Remark: By rescaling the norm we may and will assume diam(C') < 1.

Starting from z° and ¢ =“T(z71)", we study the fixed-point iteration
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[UCE I Mann's fixed-point iterations

Specia/ cases: {an}tn>1,{Bn}n>1 sequences in [0, 1]

Long history since the early 1950’s, dozens of papers mostly in Hilbert settings.
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> fixed points: algorithms to compute & prove existence of fixed points
> convex optimization: Gradient, Prox, Douglas-Rachford, ADMM, POCS...
> stochastic dynamics: Q-learning in MDPs, lazy random walks, Langevin dynamics

> evolution equations: discretization of 4 + [I — T](z) =
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[UCE I Mann's fixed-point iterations

Basic questions:

(M) =T Tt (Ve 1)

@ (Analysis) For any given sequence of 7™'s determine
a) |[z"—Tz"|| -0 ? (Asymptotic Regularity)
b) How fast ? (Rate of Convergence)

c) Non-asymptotic estimates ?  (Error Bounds)

@ (Design) Find ©™'s that minimize the worst-case residuals

Minimize ¥, (7) £ sup |z"— Tz"||
™ T,20,40

...looks intractable but not really as we shall see.
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Previous results for KM: 2" = (1—ay,)z" '+ a,, Te" !

Conjecture (Baillon-Bruck’1992)
For KM iterates, there exists a universal constant s such that
diam(C)

vV Z?:l O‘i(l_ai).

o~ Ta™| < & (8B)

Theorem (Baillon-Bruck'1996)
For constant a,, = «, (BB) holds with x = 1/y/7 and rate ~ O(1/+/n).
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Previous results for KM: 2" = (1—ay,)z" '+ a,, Te" !

Conjecture (Baillon-Bruck’1992)
For KM iterates, there exists a universal constant s such that
diam(C
|z —Tz"|| < K — (©) . (BB)
Dimg ai(l—a)

Theorem (Baillon-Bruck'1996)
For constant a,, = «, (BB) holds with x = 1/y/7 and rate ~ O(1/+/n).

Our contribution (C-Soto-Vaisman'2014, Bravo-C'2016, Bravo-C-Pavez'2017)
@ (BB) holds for general a, with k = 1//7 ~ 0.5642
@ Nonlinear maps: the constant x = 1/4/7 is tight
@ Affine maps: tight bound with kK = max, v/ze *Iy(z) ~ 0.4688
@ Error bounds for inexact KM: 2™ = (1—a,) 2" 1+ (T~ 4 &™)
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In this talk...

U, (m) £ sup |lz™ — Tz™||

T,z%y
e Computable tight error bounds for Mann U, (7) = Ry ()
o Lower bound for Krasnoselskii-Mann Ry (m) > \/nlﬁ
e Lower bound for general Mann D Ru(m) > 5
e Tight bounds for classical Halpern R, (m) ~ O(%)
e Optimal 3, for Halpern R,(m) < %H

Optimal Mann ~ Optimal Halpern

(up to a small factor)
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Tight error bounds via optimal transport
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

A path towards error bounds...

If some estimates ||z™ —z"| < d,,,», are available then
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How do we find good estimates dy, , ?
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Recursive bounds: ||z™—z"|| < dp.n

Let Z(n™, ©™) be the set of transport
plans z > 0 taking 7™ to 7"
7r7;m = Z]T.L:O ZZ‘]’

no__ m
= Dl %

m n m n
n i—1 n =1 i—1 j—1
" =" = E m Tr'™ — E mp Te' ™" = E E zg[Tx' ™ —Ta’ 7]
i=0 =0

i=0 j=0
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Recursive bounds: ||z™—z"|| < dp.n

T

025 ™

Let Z(n™, ©™) be the set of transport
plans z > 0 taking 7™ to 7"

mo n .
SIS S

no__ m
= Dl %

m n

[z — 2" < zille ™ =T <Y N 2y dicag
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Recursive bounds: ||z™—z"|| < dp.n

Let Z(n™, ©™) be the set of transport
plans z > 0 taking 7™ to 7"

mo n .
SIS S

T = 3t %
m n . . m n
[z — 2" < zille ™ =T <Y N 2y dicag
i=0 j=0 i=0 j—0

An optimal transport z minimizing the rhs yields a recursive bound d, »
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Optimal transport error bounds

Set dq1 =0, dq,, =1 for n >0, and define inductively

. m n
dm,n = MMy zeman) Ei:o j=0 %ij di—l,j—l

n
R, = Zi:o”?difl,n

Proposition (C-Soto-Vaisman'2014, Bravo-Champion-C'2021)

Mann iterates satisfy ||[z™— 2"|| < dp,,,, and ||z™—Tz"|| < R,,, for every
nonexpansive T : C'— C with C convex and diam(C') < 1.
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Optimal transport error bounds

Set dq1 =0, dq,, =1 for n >0, and define inductively

. m n
dm,n = MMy zeman) Ei:o j=0 %ij di—l,j—l

n
R, = Zi:o”?difl,n

Proposition (C-Soto-Vaisman'2014, Bravo-Champion-C'2021)

Mann iterates satisfy ||[z™— 2"|| < dp,,,, and ||z™—Tz"|| < R,,, for every
nonexpansive T : C'— C with C convex and diam(C') < 1.

These bounds depend only on © = (7"™),en and hold for every T, so that
Uy (m) £ sup 2" —Tu"|| < R ().
T710’y0

In fact, these are the best possible bounds...
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Optimal transport error bounds are tight...

Theorem (Bravo-C.'2016, Bravo-Champion-C'2021, C-Contreras'2021)

For any given sequence of m™’s, there exists a nonexpansive T : C' — C on the
unit cube C = [0, 1] C ¢°°(N) and a corresponding Mann sequence satisfying
|z™—2™|| . = dmn and |[2" — Tz"| o = R, for all m,n.

Proof: T built from dual solutions of the optimal transports, which are then glued
together using Aronszajn-Panitchpakdi's extension theorem. O

= U, (7m) = R,(m) provides tight error bounds !
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Example — Krasnoselskii-Mann with «,, = ——

This gives a uniform distribution 7} = %_H for0<i<n
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No closed-form formula, but numerics suggest R, = Q(—~—)
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R CETTSIVERLCITL CRVERCLEIEIRIEREL AN  Mann's fixed-point iterations

Example — Krasnoselskii-Mann with o, = o > %

Here we have 7 = (1 — a)m" ! + ad™, and we get

Ry(a) = 2dy pi1(0) < oF (—n, 3:2;4a(1—a))

a IRl

where 5 F is Gauss' hypergeometric function.

ds10(a) =a(4 — 36 + 328 &° — 2671 o + 19853 o — 132880 a” + 785003 o°
— 4016624 o + 17541102 a® — 64796454 o + 201809157 o*°
— 530670200 o' + 1183318617 o> — 2250818306 a*® + 3675506816 o**
— 5184593492 a'® + 6352439437 o'® — 6792441644 o'" 4 6361687020 a*®
— 5232669869 ' + 3785701567 o — 2409974375 o*! + 1348858198 a2
— 662337623 o*® + 284299971 o** — 106102624 o*® + 34171973 o*°
— 9400913 &®” + 2178730 a”® — 417352 o + 64328 o*°
— 7667 %! 4+ 6630 — 370 + o)

LT000777
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Metric properties of recursive optimal transports

" m n
dmn = gll}nl . E g Zij di—1,5—1
i z2 € Z(mw™, ™) =0 =0

Theorem (Aygen-Satik'1994, Bravo-C'2016, Bravo-Champion-C'2021)

The d,, ,,'s define a distance in N. For monotone m™'s (7! < x" for 0 < i < n),
we have the stronger convex quadrangle inequality

dig + dj, < dgg + dyy foralli <j<k<lI.

/ dit No flow-crossing in optimal transport
di 4
7 _\\ Greedy algorithm
o O ® 0 i

\ % ;4 dit / Simpler expressions for R, ()
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(O EIMEICHIL Mann's fixed-point iterations

Optimal Mann iterations
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Optimal Mann iteration — Fixed Horizon

Finding optimal 7's for a fixed horizon n

Minimize ¥, (7) = R, ()

s

can be formulated as a non-convex program

A .
FH, £ min Y7 7l dio1,

T,2,d
st. 7 e AF Vk=0,...,n
Zbm e Z(nk ™) VO<k<m<n
doyp=1 VEk=0,...n
dk,k =0 Vk:—l,...,n
i = Yo S 2" dic1jo1 YO<k<m<n
i = di,m VO<k<m<n

however state-of-the-art solvers have trouble solving beyond n = 7.
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(O EIMEICHIL Mann's fixed-point iterations

Sequential optimal Mann iteration

A simpler incremental approach minimizes R, (7) only with respect to 7",
by fixing the previous optima «!,...,7"~! and its corresponding d;_1 ;_1's.

The n-th stage problem

n
. A
min R, (7") = 7 di—1,n(7"™)
TneEA
k=0
can be formulated as
n k—1 n
A n _k— 1n
Sn = min mg 4 > Tz dio1j-1
k=1 1i=0 =0
st. e A"
ke Z(mk am), Vk=0,..,n—1

R. Cominetti (Universidad Adolfo Ibafiez) Workshop NFAA, Technion, April 4-6, 2022

17/33



(O EIMEICHIL Mann's fixed-point iterations

Monotone optimal Mann iteration

Restricting to monotone 7™'s with 77;‘“ <7 for 0 <i<mnandm) > % the
convex quadrangle inequality gives an explicit formula for the optimal transport

m

Dm,n(ﬂ—n) é Z(ﬂ—zn* ﬂ?)di,17n71 + Z W;(dmfl,jfl - dmfl,nfl)

i=0 j=m+1

and the n-th stage sequential problem simplifies to

A .
MS, = min 7

n
S + Zﬂ'f Di_Ln(ﬂ'n)
=1

7‘-'”/ O
st. e A"
n—1 .
mp <m', Vi=0,.,n-1
n 1

A similar monotone version of FH,, yields an easier-to-solve problem MFH,,.
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Numerical optimization: FH,, MFH,, S,., MS,,

Property : FH, <S5, <MS,
Conjecture : FH, = MFH,, and S,, = MS,,
151
{'/‘
FH, e
'e
— — —-MFH e
n e
(//
10} e
//I'/
////'
e
//7//
P
5r 4//.

0 5 10 15 20 25 30 35 40 45 50
ures L
Figure: R, Versus n
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Optimal monotone-sequential vs Halpern and KM

150 MS minimum &
Halpern variants
R, ~ O(1/n)
10
KM variants
Rn ~ O(1/y/n)
st
Ms KM
H — — KM
— — IH — — EKM
— — KMH ——-ISH
0 5 10 15 20 25 30 35 40 45 50
: . 1
Figure: g, Versus n
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(O EIMEICHIL Mann's fixed-point iterations

Lower bounds & optimal Halpern
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Lower bounds

The right-shift operator T(xg, 21, 22,...) = (0, 2, 1, 22, ... ) is an isometry in
every (P = (P(N) for 1 < p < oo, with unique fixed point z* = (0,0,...)

Theorem (Contreras-C'2021)
a) For every sequence m™ the Mann iterates for the right-shift T : £>° — (°°,
started from z° = y° = (1,1,1,...), satisfy
lz™ = T2"™ || oo > #—1
b) For every sequence «,, the Krasnoselskii-Mann iterates for the right-shift
T : 0 — 01, started from 2° = y° = (1,0,0,...), satisfy

|la™—Tz™||; > \/nlfrl
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Tight bounds for Halpern: z" = (1—3,)y° + 3, Tz"!

Previous upper bounds for Halpern's iteration:

@ (Sabach-Shtern'2017): for f3,, = nL+2 we have R, < ni“
o (Leider'2021): for 3, = % in Hilbert spaces R, < n%_l

The tight bounds for these 3,'s in normed spaces involve the harmonic numbers

H,=5%7_, % ~ In(n).
Theorem (Bravo-Champion-C'2021)

a) For Halpern with 3, = -5 we have R, = %H(l _ Z:;)
b) For Halpern with 3, = -5 we have R, = ZTll-

Similar bounds can be obtained for various specific choices of j3,,'s.
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Optimal Halpern: ™ = (1—3,)y° + B, Tx"!

Theorem (C-Contreras'2021)
@ The optimal stepsizes for Halpern are Bp41=25(1+82) with 8, =0.

e They yield ||z, — Tz, || < R, < — 4 where the tight optimal bounds R,
satisfy the recursion R, 1 =R, — iRi with Ry=1.

Theorem (C-Contreras'2021)

For affine nonexpansive maps the optimal Halpern is 8, = -5 with R, = n—_H J

Remark: The latter coincides with Leider’'s bound for nonlinear maps in Hilbert spaces.

R. Cominetti (Universidad Adolfo Ibafiez) Workshop NFAA, Technion, April 4-6, 2022 24 /33



(O EIMEICHIL Mann's fixed-point iterations

Thanks !

Papers available at
https://sites.google.com/site/cominettiroberto/
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https://sites.google.com/site/cominettiroberto/

Example — Right-shift in C ={z € A, (N) : >>2 z;=1}

?

T (zo, 21, T2, ...) = (0,1, 71, T2, ...) is an £ -isometry

The KM iteration for this map yields

2 = (1,0,0,0,...)

' = (1-01,01,0,0,...)

2?2 = ((1—a)(1—a1), (1—ag)a; + az(1—ay), azay,0,...)
3

T

g =PXi+--+X,=k)
X; ~ Bernoulli(a;)

|z —Tz™||1 = 2maxy =}’

- 8 3 8 8 = & % ¢
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Some final comments. Mann'’s fixed-point iterations

Example — Lazy random walks

A random walk on a metric space (M, d) is described by u"*1 = Tu™, with the

evolution operator T induced by a Markov transition kernel (my)zen

Tu(A) = /MmI(A) du(z) VA e B(M),Vu € Pi(M).

> Fix (T') is the set of invariant measures
> T is nonexpansive in total variation || - ||ty
> residuals ||u™ — Tu™|lty
For lazy random walks with kernel
my = (1—a)d, +am,

€T

the evolution is a (KM) iteration.
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Some final comments. Mann'’s fixed-point iterations

Example — Optimal transport distances
For " = (1 — @)™t + ad™ with a > %

1
1
1
4a76a2+4a3 —«
—3 4+ 30a — 902 + 130a® — 90a? + 24a°
4 — 10a — 35a2 + 2000 — 350a? + 272a° — 80a®
4 — 43a 4 17802 — 340a® 4 280a* + 2a° — 14405 + 6407
0
37a — 289a? + 931a® — 15100 + 1180a® — 204a° — 27247 + 12848
18 — 194 + 8212 — 1636a° + 1255a* + 814a® — 2357a8 4 172827 — 448a®
—20 + 147 — 25202 — 686a° + 3675a* — 68250° + 6566a° — 327607 + 672a°
—1+ 1120 — 95202 + 3640a° — 7770a* 4+ 99120° — 7532a° + 3152a7 — 560a®
20 — 245a + 129502 — 3745a° 4 6545a* — 7119a° + 4725a° — 175507 + 280a®
—15 + 168 — 75602 4+ 19040 — 2940a* + 2856a° — 1708a% + 5767 — 84a®
7 — 56 + 22402 — 504a® 4+ 7000t — 616a° + 33608 — 10407 4 148
8a — 28a2 4 56a® — 700t + 56a° — 28a° + 8a” — af
1
1
1

4

Figure: d7 n(a) for n =0,...,18
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Some final comments. Mann'’s fixed-point iterations

Example — Optimal transport bounds for KM

For 7™ = (1

Rs

Rg

—a)m™ 1+ ad® < KM with constant a,, = a >

N|—=

1— o+ a?

1 72a+4a2 74a3+2a4

1 —3a+ 902 — 18a® 4 25a* — 21a° + 9a° — a7

1 — 4o + 1602 — 48a° + 112a* — 192a° + 230a° — 18047

+84a® — 20a° + 221°

1 — 5+ 2502 — 100a® + 331a* — 876a° + 1795a° — 276207

+ 31060 — 24820 + 1366a'® — 5000t + 117a'? — 16a!® 4+ o'
1 — 6a + 3602 — 180a® + 775a* — 28060° + 832408 — 1977847

+ 37023a® — 53948a° 4 606230 — 52122a'! + 3404402 — 16770013
+6163al* — 1652a'% + 30806 — 3607 + 2a!®

1 — Ta + 4902 — 2940 + 1562a* — 7222a° + 28408a° — 9318747
+ 251365a® — 5526780 + 985643010 — 14224480 + 166013512

— 1567511 + 1198337 — 741914a'® + 371352a'% — 149443017
+ 47802a'® — 119090 + 2233220 — 29702 + 25022 — 23

Degrees: {2,4,7, 10,14, 18,23, 28, 34, 40, 47, 54, 62, 70, 79, 88, 98, 108, 119, .. .}
Coincide with |(n?46n+1)/4] up to n = 40, the solution of the postage stamp
problem with n stamps and 2 denominations.
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Best constant stepsize for KM: o, = a 7

[ Te" =2 < y(e)/v/n

V(@) = sup,en v/ R (@)

The minimum of v(«) is attained near a =~ 0.4623

Which is the best « if n is fixed, say n = 150 ?
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Some final comments. Mann'’s fixed-point iterations

Krasnoselskii's original iteration o, = }

v(ar) = sup v/n Ry (a)

neN

For a = % the sup seems to be attained at n =8

Rg(a) =

1—8a+ 640’ — 448 a° + 2835 a* — 16008 a° + 79034 a°
— 334908 " + 1201873 a® — 3622324 o° + 9129380 o'°

— 19214722 o™ 4 33796129 o** — 49776610 a*® + 61566687 ot
— 64152608 a"° + 56488500 o'® — 42133404 o' 4 26651679 o*®
— 14288252 a*® + 6472429 a*® — 2462126 o*' + 778478 o**

— 201354 0 + 41584 o** — 6604 a*° + 758 a*® — 56 a*7 + 2a*®

= the sharp rate in Krasnoselskii's iteration would be
46302245

= 67108864 V2~ ller than = ~ 1.1284
G7i08g64 Y 2~ 0-9757  (smaller than - ~ 1.1281)

v(3)
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Sharp rates for KM in Hilbert spaces?

@ For Krasnoselskii-Mann in Hilbert spaces with a,, = o we have

S0 ozt =22 < oo (Browder-Petryshin'1966)

e Since ||z — z™|| is decreasing this gives a faster rate

|z™ — Tz™|| = o(1/y/n) (Baillon-Bruck’1992)

@ Which is the exact rate? Q(1/y/nlogn)?
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Remark: in Hilbert spaces (BB) holds with k = 1

The residuals 7° £ z* — Tz* decrease in norm:

l(1—ap)r* ! 4+ Te* 1 — Ta¥||
(L—a)[[r" Ml + (12"

k
Il

IN

k k-1
—z |l =

Let a* 22" —2* and b* 2 Tz* — To* with 2* € Fix (T), so that r* =a* —b* and
o = (1—agy1)a® + arr1b®. Using the parallelogram identity

I(1-a)a+abl]® = (1-a)lla|* + allb]* - a(l-a)|a - b|*

and noting that ||b"|| <

la™ 1% < fla"|* = ana (L —angn) |71
After telescoping we obtain
S ansr (1—aus)|r¥ )2 < a2 < diam(C)?

and the conclusion follows from the monotonicity of ||7*]|. O
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