The influence of the work of R.E. Bruck on the

development of proof mining

Ulrich Kohlenbach

Department of Mathematics

TECHNISCHE
UNIVERSITAT
DARMSTADT

Nonlinear Functional Analysis and Its Applications in memory of
Professor Ronald E. Bruck, via Zoom, Technion Haifa April 4-6, 2022

Ulrich Kohlenbach R.E. Bruck and Proof Mining



Proof Mining in core mathematics

@ During (mainly) the last 20 years method from mathematical logic
(proof theory) were used to obtain numerous new quantitative
results as well as qualitative uniformity results in particular in:
nonlinear analysis, fixed point theory, ergodic theory, topological
dynamics, approximation theory, convex optimization, abstract
Cauchy problems, pursuit-evasion games (> 100 papers mostly in
specialized journals in the resp. areas or general mathematics

journals).
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Proof Mining in core mathematics

@ During (mainly) the last 20 years method from mathematical logic
(proof theory) were used to obtain numerous new quantitative
results as well as qualitative uniformity results in particular in:
nonlinear analysis, fixed point theory, ergodic theory, topological
dynamics, approximation theory, convex optimization, abstract
Cauchy problems, pursuit-evasion games (> 100 papers mostly in
specialized journals in the resp. areas or general mathematics

journals).

o General logical metatheorems explain applications as instances of
logical phenomena (K. 2005, Gerhardy/K. 2008, TAMS).

@ Some of the logical tools used have been rediscovered in 2007 in
special cases by Terence Tao prompted by concrete mathematical
needs “finitary analysis”!
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Logical Metatheorems based on Functional Interpretations

Let P be a concrete Polish space (e.g. IR or C[0,1]) and K be a concrete
compact metric space (e.g. [0,1]9), X some abstract metric structure.
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Logical Metatheorems based on Functional Interpretations

Let P be a concrete Polish space (e.g. IR or C[0,1]) and K be a concrete
compact metric space (e.g. [0,1]9), X some abstract metric structure.

Goal: Effective bounds from noneffective proofs of
Vx € P,K, X, XX, X™N ... 3n € IN A(x, n)-theorems.
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Logical Metatheorems based on Functional Interpretations

Let P be a concrete Polish space (e.g. IR or C[0,1]) and K be a concrete
compact metric space (e.g. [0,1]9), X some abstract metric structure.

Goal: Effective bounds from noneffective proofs of

Vx € P,K, X, XX, X™N ... 3n € IN A(x, n)-theorems.

Restriction: Because of classical logic: in general A existential.

If Ais existential, then general logical metatheorems (K. TAMS 2005,
Gerhardy/K. TAMS 2008, Giinzel/K. Adv. Math. 2016, Engracia/Ferreira
2020, Pischke 2022) guarantee the extractability of effective bounds on
‘3" that are independent from parameters x from
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Logical Metatheorems based on Functional Interpretations

Let P be a concrete Polish space (e.g. IR or C[0,1]) and K be a concrete
compact metric space (e.g. [0,1]9), X some abstract metric structure.
Goal: Effective bounds from noneffective proofs of
Vx € P,K, X, XX, X™N ... 3n € IN A(x, n)-theorems.
Restriction: Because of classical logic: in general A existential.
If Ais existential, then general logical metatheorems (K. TAMS 2005,
Gerhardy/K. TAMS 2008, Giinzel/K. Adv. Math. 2016, Engracia/Ferreira
2020, Pischke 2022) guarantee the extractability of effective bounds on
‘3" that are independent from parameters x from
e compact metric spaces K (if separability is used),
@ metrically bounded subsets of suitable abstract metric structures X,
@ only depend on majorizing data in the case if unbounded subsets.
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Logical Metatheorems based on Functional Interpretations

Let P be a concrete Polish space (e.g. IR or C[0,1]) and K be a concrete
compact metric space (e.g. [0,1]9), X some abstract metric structure.

Goal: Effective bounds from noneffective proofs of
Vx € P,K, X, XX, X™N ... 3n € IN A(x, n)-theorems.

Restriction: Because of classical logic: in general A existential.

If Ais existential, then general logical metatheorems (K. TAMS 2005,
Gerhardy/K. TAMS 2008, Giinzel/K. Adv. Math. 2016, Engracia/Ferreira
2020, Pischke 2022) guarantee the extractability of effective bounds on
‘3" that are independent from parameters x from

e compact metric spaces K (if separability is used),

@ metrically bounded subsets of suitable abstract metric structures X,

@ only depend on majorizing data in the case if unbounded subsets.
In case of a restricted use of noneffective reasoning, A can have arbitrary

logical complexity.
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The running theme: convergence statements in analysis

Let (x,) be a Cauchy sequence in a metric space (X, d), i.e.

Vk € N3n € INVi,j > n (d(x;, %) < 27%) € vav
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is noneffectively equivalent to
Vk € INVg € NN3n € INVi, j € [n; n4+g(n)] (d(xi, %) < 27¥) € V3

Kreisel's no-counterexample interpretation or metastability (T. Tao).
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The running theme: convergence statements in analysis

Let (x,) be a Cauchy sequence in a metric space (X, d), i.e.
Vk € IN3n € INVi,j > n (d(xi, x) < 27) € vav
is noneffectively equivalent to
Vk € INVg € INN3n € INVi, j € [n; n+g(n)] (d(xi, x}) < 27¥) € V3
Kreisel's no-counterexample interpretation or metastability (T. Tao).

A bound ®(k, g) on ‘In" in the latter formula is a rate of metastability.
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Effective full rates of convergence?

o Often possible for asymptotic regularity results
d(xn, T(xn)) — 0,

even when (x,) may not converge to a fixed point of T.
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Effective full rates of convergence?

o Often possible for asymptotic regularity results
d(xn, T(xn)) — 0,

even when (x,) may not converge to a fixed point of T.

@ Possible for (x,) if sequence converges to unique fixed point.
Extraction of modulus of uniqueness ¢ : RY — R

Ve > 0Vx,y € X (d(x, T(x)),d(y, T(y)) < ®(c) = d(x,y) < ¢)

gives rate of convergence (or — in the noncompact case — existence

at all)! Numerous applications in analysis!
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Effective full rates of convergence?

o Often possible for asymptotic regularity results
d(xn, T(xn)) — 0,

even when (x,) may not converge to a fixed point of T.

@ Possible for (x,) if sequence converges to unique fixed point.
Extraction of modulus of uniqueness ¢ : RY — R

Ve > 0Vx,y € X (d(x, T(x)),d(y, T(y)) < ®(c) = d(x,y) < ¢)

gives rate of convergence (or — in the noncompact case — existence
at all)! Numerous applications in analysis!

@ Possible also in the nonunique case for Fejér monotone algorithms
if one has a modulus of metric regularity (see
K./Lépez-Acedo/Nicolae Israel J. Math. 2019).
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o Admissible abstract structures: metric, hyperbolic, CAT(0),
CAT(x > 0), Ptolemy, normed, their completions, Hilbert, uniformly
convex, uniformly smooth (not: separable, strictly convex or smooth)
spaces, abstract LP- and C(K)-spaces (and all normed structures
axiomatizable in positive bounded logic (in the sense of Henson,
lovino, Ben-Yaacov etc.).
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CAT(x > 0), Ptolemy, normed, their completions, Hilbert, uniformly
convex, uniformly smooth (not: separable, strictly convex or smooth)
spaces, abstract LP- and C(K)-spaces (and all normed structures
axiomatizable in positive bounded logic (in the sense of Henson,
lovino, Ben-Yaacov etc.).

o Admissible classes of functions: uniformly continuous,
Lipschitzian, nonexpansive, firmly-, averaged- and strongly
nonexpansive mappings; some classes of discontinuous functions:
pseudo-contractions, maps with Suzuki's condition (E) etc.
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o Admissible abstract structures: metric, hyperbolic, CAT(0),
CAT(x > 0), Ptolemy, normed, their completions, Hilbert, uniformly
convex, uniformly smooth (not: separable, strictly convex or smooth)
spaces, abstract LP- and C(K)-spaces (and all normed structures
axiomatizable in positive bounded logic (in the sense of Henson,
lovino, Ben-Yaacov etc.).

o Admissible classes of functions: uniformly continuous,
Lipschitzian, nonexpansive, firmly-, averaged- and strongly
nonexpansive mappings; some classes of discontinuous functions:
pseudo-contractions, maps with Suzuki's condition (E) etc.
Recently: set-valued accretive operators (Cauchy problems).
(K./Koutsoukou-Argyraki, K./Powell, Pischke).
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Bruck's research and proof mining

@ Various classes of mappings introduced by Bruck (firmly
nonexpansive and - with Reich - averaged and strongly (quasi-)
nonexpansive mappings are logically very well-behaved in the
aforementioned metatheorems and play an important role in proof
mining (see below).
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@ His hybrid iteration scheme for pseudo-contractions resulted in
various quantitative rates of asymptotic regularity and metastability:
Kornlein/K. NA 2011, Kornlein/K. NFAO 2014, Kornlein 2016.
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Bruck's research and proof mining

@ Various classes of mappings introduced by Bruck (firmly
nonexpansive and - with Reich - averaged and strongly (quasi-)
nonexpansive mappings are logically very well-behaved in the
aforementioned metatheorems and play an important role in proof
mining (see below).

@ His hybrid iteration scheme for pseudo-contractions resulted in
various quantitative rates of asymptotic regularity and metastability:
Kornlein/K. NA 2011, Kornlein/K. NFAO 2014, Kornlein 2016.

@ Bruck’s fundamental work on (sunny) nonexpansive retractions has
lead to a proof-theoretic analysis in K./Sipos Comm. Contemp.
Math. 2021.

@ Bruck’s work on the convex approximation property and nonlinear
ergodic theorems recently has been investigated from the
perspective of proof mining (see below).
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An example for proof mining
involving strongly nonexpansive
mappings
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A polynomial rate of asymptotic regularity in Bauschke's

solution of the ‘zero displacement conjecture’

Consider a Hilbert space H and nonempty closed and convex subsets
Ci,...,Cy C H with metric projections Pc;,, define
T := Pc, o...0 Pc,. In 2003 Bauschke proved the ‘zero displacement
conjecture’:

|T"*x — T"x|| = 0 (x € H).
Previously only known for N = 2 or Fix(T) # 0 (or even (I, G; # 0) or
C; half spaces etc.
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A polynomial rate of asymptotic regularity in Bauschke's

solution of the ‘zero displacement conjecture’

Consider a Hilbert space H and nonempty closed and convex subsets
Ci,...,Cy C H with metric projections Pc;,, define
T := Pc, o...0 Pc,. In 2003 Bauschke proved the ‘zero displacement
conjecture’:

||T"+1x — T"%x|| = 0 (x € H).
Previously only known for N = 2 or Fix(T) # 0 (or even (I, G; # 0) or
C; half spaces etc.
Proof uses abstract theory of maximal monotone operators: Minty's
theorem, Brézis-Haraux theorem, Rockafellar's maximal monotonicity and
sum theorems, Bruck-Reich theory of strongly nonexpansive mappings,

conjugate functions, normal cone operator...).
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A polynomial rate of asymptotic regularity in Bauschke's

solution of the ‘zero displacement conjecture’

Consider a Hilbert space H and nonempty closed and convex subsets
Ci,...,Cy C H with metric projections Pc;,, define
T := Pc, o...0 Pc,. In 2003 Bauschke proved the ‘zero displacement
conjecture’:

|T"*x — T"x|| = 0 (x € H).
Previously only known for N = 2 or Fix(T) # 0 (or even (I, G; # 0) or
C; half spaces etc.

Proof uses abstract theory of maximal monotone operators: Minty's
theorem, Brézis-Haraux theorem, Rockafellar's maximal monotonicity and
sum theorems, Bruck-Reich theory of strongly nonexpansive mappings,
conjugate functions, normal cone operator...).

Logical metatheorems guarantee an effective rate of convergence which
only depends on ¢, N, b > ||x||, K > ||ci|]| for some ¢;. € C; (1.<i < N).
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Theorem (K. FoCM 2019)

ot 1) = [ 1223 12a(c/6)) U [(cos)]

€ w(D, €)
is a rate of asymptotic regularity in Bauschke's result, where
e

1
s 1= , D:=2b+ NK, D,é&) := ——(&/N)>.
"= 27b + 18a(</6) + w(D,&) := 165 E/N)

(K2 + N3(N — 1)2K2) N2
_ :

a(e) =

Nl

Here b > ||x|| and K > (Z,N:l ||c,-||2) for some
(Cl,...,CN) €C X... X Cp.
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Theorem (K. FoCM 2019)

ot 1) = [ 1223 12a(c/6)) U [(cos)]

€ w(D, €)
is a rate of asymptotic regularity in Bauschke's result, where
e

1
s 1= , D:=2b+ NK, D,é&) := ——(&/N)>.
"= 27b + 18a(</6) + w(D,&) := 165 E/N)

(K2 + N3(N — 1)2K2) N2
_ :

a(e) =

1
Here b > ||x|| and K > (Z,N:l ||c,-||2)2 for some
(Cl,...,CN) €C X... X Cp.
With minor modifications this holds for general firmly nonexpansive

mappings instead of projections.
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Theorem (K. FoCM 2019)

18b + 12a(c/6)) 1] K D ﬂ

&(e, N, b, K) := { . (D, ?)

is a rate of asymptotic regularity in Bauschke's result, where

& 1
s 1= , D:=2b+ NK, D,é&) := ——(&/N)>.
"= 27b + 18a(</6) + w(D,&) := 165 E/N)
(K2 + N3(N — 1)2K?) N2
a(e) = .
&

1
Here b > ||x|| and K > (Z,N:l ||c,-||2)2 for some
(Cl,...,CN) €C X... X Cp.
With minor modifications this holds for general firmly nonexpansive

mappings instead of projections.

A. Sipos: Extension to general averaged mappings. Opt.Lett. 2021.
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Applications to Ergodic
Theory




Let X be a uniformly convex Banach space, C C X nonempty, bounded,
closed and convex, T : C — C nonexpansive.

1 n—1
Spx 1= — Tix.
"2
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Let X be a uniformly convex Banach space, C C X nonempty, bounded,
closed and convex, T : C — C nonexpansive.

1 n—1
Spx 1= — Tix.
"2

Theorem (Bruck 1981)

ILm || T(Snx) — Snx|| — 0 uniformly in x € C.
n oo
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Let X be a uniformly convex Banach space, C C X nonempty, bounded,
closed and convex, T : C — C nonexpansive.

1 n—1
Spx 1= — Tix.
"2

Theorem (Bruck 1981)

ILm || T(Snx) — Snx|| — 0 uniformly in x € C.
n oo

Bruck's proof crucially uses a result due to Pisier 1973 that uniformly
convex Banach spaces (in fact uniformly nonsquare and even B-convex
Banach spaces) have a nontrivial Rademacher type g > 1 which implies
that there exists a constant Cy s.t. for every finite sequence Xi,..., X,
of independent mean zero Radon random variables in Lq(X)

n q\ 1/q n 1/q
E( S x; ) < 2C,- (ZE(IIX;II")>
i=1 i=1




Let (X, || - ||) be uniformly nonsquare with § € (0, 1] such that

: { Ix =yl IIx+yll
min R
2 2

} < (1 - 8) - max{|Ix], llyll}

holds for all x,y € X.
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Let (X, || - ||) be uniformly nonsquare with § € (0, 1] such that

: { Ix =yl IIx+yll
min R
2 2

} < (1 - 8) - max{|Ix], llyll}

holds for all x,y € X.

If X is uniformly convex and m is a modulus of convexity, we may take

d :=n(1).
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From Pisier's proof one can extract the following explicit constants:

Theorem (Pisier 1973, Freund/K. 2022 submitted)

Let (X, || - ||) be a uniformly nonsquare Banach space with § € (0, 1)
witnessing this property. Define A := 1 — §. Assume that & € (0,1) is
so small and that p’ € [2, o0) is so large that

1-—¢ 1 1

TS s /aary2 d >1—
14222~ 2 + N V72 ¢
Take p with 1 = % o pi
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From Pisier's proof one can extract the following explicit constants:

Theorem (Pisier 1973, Freund/K. 2022 submitted)

Let (X, || - ||) be a uniformly nonsquare Banach space with § € (0, 1)
witnessing this property. Define A := 1 — §. Assume that & € (0,1) is
so small and that p’ € [2, o0) is so large that
1-¢ 1 1
—— > —\/2X2 42 and
1422 = 2 + "

Take p with 1 = % o pi
Then - for any g € (1, p) - X has Rademacher type g with constant

>1-—¢.

21/q

= 2/a)—(1/p) —1°
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Analyzing proofs due to Bruck 1979, 1981 one can extract:

Theorem (Freund/K. 2022 submitted)

Let (X, || - ||) be uniformly convex with modulus . T : C — C
nonexpansive, C C By /3(0) closed and convex. Assume X is of
Rademacher type g € (1, 2] with constant Cg. Given € > 0, pick

p € IN so large that 2C, - p(1=9/9 < ¢/(9b). Consider p € IN with
p > 2b/4? for

5= &P (;) with £(t) = 1% o7 (min {2, ;}) :

For any o < £P~1(62%/2) with 0 < a < &/3 we have

b
V> 2 Vx € C (| T (Sax) — Sax|| <€) .
(87
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Theorem (Kobayasi-Miyadera 1980)

Consider T : C — C as above. Given x € C, assume that the

sequences (H T"x — T"+ix||),, converge uniformly in i. We then have

lim Hy — S,,Tkx” = 0 uniformly in k,

n—oo

for some fixed point y of T.
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Theorem (Kobayasi-Miyadera 1980)

Consider T : C — C as above. Given x € C, assume that the
sequences (H T"x — T"+ix||),, converge uniformly in i. We then have

lim Hy — S,,Tkx” = 0 uniformly in k,

n—oo

for some fixed point y of T.

The proof by Kobayasi and Miyadera makes crucial use of Bruck's work
on nonlinear ergodic theory and the convex approximation property
1979-81.
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The proof actually shows that (S, T™x) converges to y in the theorem
and the complete conclusion can be decomposed into:

Iim |SmT™x — 5,,Tka =0 uniformly in k, (1)
E)m | T'S, T"x — SaT"x|| =0 uniformly in /. (2)
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The proof actually shows that (S, T™x) converges to y in the theorem
and the complete conclusion can be decomposed into:

lim [|SnT™x — 5,,Tka =0 uniformly in k, (1)
m,n— oo
lim || T'S, T"x — SaT"x|| =0 uniformly in /. (2)
n—oo
which imply
lim || TS, T"x — $,T*x|| =0 uniformly in k. (3)
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The proof actually shows that (S, T™x) converges to y in the theorem
and the complete conclusion can be decomposed into:

lim [|SnT™x — 5,,Tka =0 uniformly in k, (1)
m,n— oo
lim || T'S, T"x — SaT"x|| =0 uniformly in /. (2)
n—oo
which imply
lim || TS, T"x — $,T*x|| =0 uniformly in k. (3)

We extract an explicit function ® which translates any rate A of
metastability for the assumption that the sequences (|| T"x — T"*x||),
converge uniformly in i into a common rate of metastability for (1)-(3) :
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A quantitative Kobayasi-Miyadera theorem

af = || T"x — T"ix|.
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A quantitative Kobayasi-Miyadera theorem

af = || T"x — T"ix|.

Theorem (Freund/K. ETDS 2022)

Let i be a modulus of uniform convexity for X. Let C C Bp(0) and -for
x € C - A be such that for alle > 0 and h: IN — IN

3N < A(e, g, h)Vm, n € [N, N+g(N)],i < h(N) (la,—al| < e).
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A quantitative Kobayasi-Miyadera theorem

af = || T"x — T"ix|.

Theorem (Freund/K. ETDS 2022)

Let i be a modulus of uniform convexity for X. Let C C Bp(0) and -for
x € C - A be such that for alle > 0 and h: IN — IN

aN < A(e, g, h)Vm, n € [N, N+g(N)],i < h(N) (jo, —al| < ¢).
We get an effective bound IN < ®(A, b, n, €, g, h) with

[SmT™x — Sy T*x||,|| T'Sa T"x — S, Tx||,|| T'Sa T*x — S, Tx||<e

for all m,n € [N, N + g(N)] and k,I < h(N).
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Explicit effective rates A satisfying the assumption in the theorem
uniformly for all x € C have been computed in the following cases:
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Explicit effective rates A satisfying the assumption in the theorem
uniformly for all x € C have been computed in the following cases:

e X is a Hilbert space and T is nonexpansive and satisfies
Wittmann’s condition

Vx,y € C([[Tx + Ty|| < [Ix + yll)

(in particular this holds if C is symmetric around 0 and T is odd in
addition to be nonexpansive); Freund/K. ETDS 2022.
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Explicit effective rates A satisfying the assumption in the theorem
uniformly for all x € C have been computed in the following cases:

e X is a Hilbert space and T is nonexpansive and satisfies
Wittmann’s condition

Vx,y € C([[Tx + Ty|| < [Ix + yll)

(in particular this holds if C is symmetric around 0 and T is odd in
addition to be nonexpansive); Freund/K. ETDS 2022.

@ X is uniformly convex, T is asymptotically regular and satisfies
Wittmann’s condition (K. JMAA 2011). Here not even the
nonexpansivity of T is needed.
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Explicit effective rates A satisfying the assumption in the theorem
uniformly for all x € C have been computed in the following cases:

e X is a Hilbert space and T is nonexpansive and satisfies
Wittmann’s condition

Vx,y € C([[Tx + Ty|| < [Ix + yll)

(in particular this holds if C is symmetric around 0 and T is odd in
addition to be nonexpansive); Freund/K. ETDS 2022.

@ X is uniformly convex, T is asymptotically regular and satisfies
Wittmann’s condition (K. JMAA 2011). Here not even the
nonexpansivity of T is needed.

e X is uniformly convex and C (or just {T"x : n € IN}) is
compact. Then A additionally depends on a modulus of total
boundedness; Freund/K. ETDS 2022.
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