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o We recall the concept of a self-similar groupoid action (G, E) on the path space of a finite
graph with examples.

@ We describe the structure of the associated C*-algebra C* (G, E) and mention some
properties of the Exel-Pardo étale groupoid G(G, E).

o We review some facts about skew products and semi-direct products of groupoids, and
prove a kind of Takai duality.

o We indicate how to compute the Crainic-Moerdijk homology of G(G, E) in some cases,
and compare it with the K-theory of C*(G, E).

@ We introduce the Higman-Thompson group associated to (G, E) using G-tables and relate
it to the topological full group of G(G, E), which is isomorphic to a subgroup of unitaries
in the algebra C* (G, E).

Valentin Deaconu s groupoid actions and C



Graphs and trees

o Let E = (EO,E', r,s) be a finite directed graph with no sources.

e [
u\_/u\—/w
e3 eq
o The set of paths of length & is
Ef={ejey---ep:e; € E', rlein1) = s(e)}.
@ The space of finite paths is E* := U EF and E® is the infinite path space with the

k>0
topology given by Z(a) = {af : € € E*°} for a € E*.

o The set E* is indexing the vertices of a forest Tg, where the level n has |[E"| vertices.
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Graphs and trees

@ The forest Tx looks like

AN N
AAN AN ARA
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@ A partial isomorphism of Tk is given by a bijection g : uj E* — up E* preserving length
and such that g - (ae) € (g- @)E' fora € E¥ande € E'.

@ The set PIso(7g) forms a discrete groupoid with unit space E°.

o In this example, PIso(7g) is transitive, but it could happen that there is no bijection
g E* — upE* foruy # uy.
@ PIso(Tg) could be a group bundle. If |E®| = 1, then PIso(Tg) =Aut(Tk) is a group.
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Graphs and trees

o Let E be the graph

e3
el u v es

with forest Tg
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Obviously, the trees uE* and vE* are not isomorphic and PIso(7k) is a group bundle.

Valentin Deaconu S milar groupoid actions and C* -al



Self-similar groupoid actions

@ Let E be a finite directed graph with no sources, and let G be a groupoid with unit space
E°. We denote by d and ¢ the domain and target maps.

o Definition. A self-similar action (G, E) on the path space of E is given by a faithful
groupoid homomorphism G — PIso(Tg) such that for every g € G and every e € d(g)E!
there exists a unique & € G denoted by g|. and called the restriction of g to e such that

g-(en) =(g-e)(h-p) forall u€ s(e)E*.

@ We have

d(gle) = s(e), t(gle) = s(g-e) = gle - s(e), r(g-e) = g-r(e).

gr(e) e us(g-e)
8 gle
r(e) = d(g) _ s(e)

In general s(g - €) # g - s(e), i.e. the source map is not G-equivariant.
@ A self-similar action (G, E) is said to be level transitive if it is transitive on each E". The
action is level transitive iff its extension to 9T = E°° is minimal.
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o Example 1. Let E be the graph

“ V\_/;

e3 €6

o Consider the groupoid G with generators a, b, ¢ and define the self-similar action (G, E)
given by
a-e;p = ey, a‘(] =u, a-ez = eqp, a‘fg =D,
h'ez = es, h‘ez =a, b'eé = €4, b'f() =,

1

c-eg=ey, Cleg=a ', c-es=¢es Cles =D>.

o Then for example

b-ere; = es5(ble, -€1) = es(a-e;) = eses.

@ Note that the action of G is level transitive. It can be shown that G is a transitive groupoid
with isotropy Z.
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Examples

o Example 2. Let E be the graph

€3
ey u oV €4

o Let G = {(a, b, c) with
a-ey =e, ale, =a, a-e; = ey, dle, = a,

b-ej =ey, bley =a, b-e; =ey, ble, =b,

c-ep=e3, Cle, =a, c-ex =e4, cle, =c.

o The action is level transitive and G* = (a, b) is isomorphic to the lamplighter group
L=7,7 = (D, Z) x L.
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The C*-algebra C*(G, E)

@ Given a self-similar groupoid action (G, E), the C*-algebra C* (G, E) is the
Cuntz-Pimsner algebra of the C*-correspondence M over C*(G), where

M = M(G,E) = X(E) @z, C*(G).

Here X'(E) = C(E") is the C*-correspondence over C(E?) associated to the graph E and
C(E%) = C(6) € C*(G),

We have £(M) 22 K(M) = M, ® C*(G), where n = |E!|.
The right action of C*(G) on M is the usual one and the left action is given by

ig-e ® g a if d(g) = r(e)

W:G— LM), We(ie®a)= {0 otherwise.

where i, € C(E') and iy € C.(G) are point masses fore € E!, g € Ganda € C*(G).
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The C*-algebra C*(G, E)

o Theorem. The Cuntz-Pimsner algebra C*(G, E) is generated by Uy, P, and S, such that
e g+ U, is a representation of G with U, = P, forv € E°;
o S, are partial isometries with S} S, = Py and » S8 = Py;
r(e)=v

Sg-eUy), if d(g) = r(e) P, U, ifd(g) =v
UpSe = { D%¢¢le U,P, = g8
e e {O otherwise; 8 0, otherwise.

o In general, C*(G, E) is a kind of Zappa-Szép product or C*-blend. It contains the graph
C*-algebra C*(E).
@ There is a gauge action -y of T such that v, (Ug) = Ug, and 7;(Se) = zS, forz € T.

s(a)

® C*(G,E) is the closed linear span of elements Sq U, S, where o, 8 € E* and g € G5y

Here So, := S¢; - -+ Se, fora = ey - - - ¢, € E*.
o If F denotes the closed linear span of Sq UgSE with o, B € E¥, then F, = M, ® C*(G).
o The core algebra F (G, E) := C*(G, E)" is isomorphic to lim 7 and C* (G,E) is the
crossed product of F(G, E) by an endomorphism.

@ This allows to compute K« (C*(G, E)) in some cases.
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The Exel-Pardo groupoid

Theorem. If (G, E) is pseudo free (g - ¢ = e and g|. = s(e) implies g = r(e)), then there
is a locally compact Hausdorff étale (Exel-Pardo) groupoid of germs

G(G,E) = {lavg, Bi€] s o, B € E*, g € GY3), € € BE™)

such that
C*(G.E) = C*(G(G, E)).

The unit space of G(G, E) is identified with E°° by the map [«, s(), a; €] — &.
The topology on G(G, E) is generated by the compact open bisections of the form

Z(a,8,B;U) ={[o, 8, 8;€] € G(G,E) : £ € U},

where U is an open compact subset of Z(3) = BE®°.

If G is amenable, then C* (G, E) is nuclear and G(G, E) is also amenable.

G(G, E) is minimal iff E is G-transitive.

G (G, E) is effective (essentially principal) iff

(a) every G-circuit (a pair (g, o) with s(«) = g - () has an entry;

(b) forevery g € G \ GO thereis ¢ € Z(d(g)) such that g - ¢ # C.

If G(G, E) is effective and minimal, then G(G, E) is purely infinite since it contains the
graph groupoid Gg.
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Groupoid actions

@ A groupoid G acts (on the right) on another groupoid H if there are a continuous open
surjection p : H — G(®) and a continuous map H * G — H, write (h,g) — h - g where

HxG={(h,g) €HxG|tg)=ph)}

such that
o i)p(h-g)=d(g)forall (h,g) € Hx*G,
o ii) (h,g1) € H* Gand (g1, 22) € G® implies that (h, g1g2) € H * G and

h-(g18) = (h-g1) &,
o iii) (1, y) € H® and (hihy, g) € H * G implies (hy, g), (ha, &) € H * G and
(hh2) - g = (h - g)(h2 - g),

@ iv)h-p(h) =hforallh € H.
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Semi-direct products and skew products

If G acts on H, then the semi-direct product or action groupoid is
HxG=HxG={(hg) €HxG|1(g) =ph)},
with multiplication
(h,g)(h - g,8") = (hl',gg"),
when #(g’) = d(g) and d(h) = t(1').
The unit space of H x G can be identified with H(%), and there is a groupoid

homomorphism
m:HxG— G, w(hg) =g

with kernel 7= 1(G(®) = {(h, p(h)) | h € H} isomorphic to H.

If G, T are groupoids and p : G — I is a homomorphism, also called a cocycle, the skew
product groupoid G x , T"is the set of pairs (g,y) € G x T such that (v, p(g)) € T®
with multiplication

(&M (&, v0(8)) = (g¢',7) if (g,¢') € G

and inverse
(& = (g7, v0(3))-

There is a left action p of I on G X, I given by

v (87 = (')
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Similarity (Renault, Matui)

o Two homomorphisms ¢, ¢ : G; — G, are similar if there is a continuous function
0: GEO) — G, such that
0(1(g))#1(8) = ¢2(8)0(d(g))
forall g € Gy.

@ Two groupoids Gy, G, are similar if there exist ¢ : G; — G, and ¢ : G, — G| such that
1 o ¢ is similar to idg, and ¢ o ) is similar to idg, .

@ Let G acton H on the right. For 7 : H x G — G, 7w(h,g) = g we can form the skew
product (H x G) X G.

o This is made of triples (%, g,&') € H X G x G such that p(h) = #(g) and (¢, ) € G?,
with unit space H ) % Gand operations

(h,g,8)(H 8", ¢'e) = (h(h -g7"),8¢",¢),

(h,g,8) ' =(""g,¢7",¢8).

o Theorem. Let G, H, I be étale groupoids such that G acts on H and such thatp: G — I’
is a homomorphism.

o Then (H x G) X5 G is similar to H and (G X, I') % I is similar to G.
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Homology

o If 7 : X — Y is a local homeomorphism between locally compact Hausdorff spaces, then
for f € Cc(X,Z) define

) = 3 ).
m(x)=y
o It follows that 7. (f) € Cc.(Y,Z).

o Given an étale groupoid G, let G(!) = G and for n > 2 let G be the space of
composable strings of n elements in G with the product topology.

@ Forn>2andi=0,....,n,weletd; : G(M — G(=1) e the face maps defined by

(82,83, -+, 8n) ifi =0,
0i(81,82, -, 8n) = < (81, -, 8i8ix 15y gn) 1 <i<n—1,
(gl7g27~~~»gn—|) ifi =n.

o We define the homomorphisms &, : Co(G"™, Z) — C.(G"—1), Z) given by

n
01 =dx — tx, Op= Z(—l)’a‘* forn > 2.
i=0

Valentin Deaconu Self-similar groupoid actions and C* -algebras



Homology

o It can be verified that 6, 0 §,4-1 = Oforalln > 1.
@ The Moerdijk-Crainic homology groups H,(G) = H,(G, Z) are by definition the

homology groups of the chain complex C.(G*), Z) given by
0% (6, 72) &8 (6D, z) <2 (6P, Z) «— -,

i.e. Hy(G) = ker §,/im §,, 1, where 69 = 0.

o Example. For the action groupoid I' x X associated to a countable discrete group action
I" ~ X on a Cantor set, it follows that

H,(T x X) = H,(T, C(X,Z)).

o Two equivalent groupoids have the same homology.

o Theorem(Ortega). For G an ample Hausdorff groupoid and p : G — Z a cocycle, we have
the following long exact sequence

0 «— Ho(G) +— Ho(G % Z) "2 Ho(G % ) +— H{(G) +— - --

e Hy(G) — Hu(G xp Z) 2 Ho(G X p Z) — Hyp1 (G) — -+ -

where p is the map induced by the action p : Z ~ G X, Z.
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Homology of G(G, E)

o Given a self-similar action (G, E), there is a cocycle
p:G9(G.E) = Z, p(la,g,B;€]) = || — |8

with kernel
N(G,E) = U Ni(G,E), where
k>1
Ni(G,E) = {le, 8, 8;€] € G(G,E) : |af = [B] = k} = (E> x G) X Ry,
and Ry is an equivalence relation on EX.
o There is a homomorphism 74 : Nx(G,E) — G, o, g, B; €] — g with kernel E*® X Ry.
@ Since NV(G, E) is equivalent to the skew product G(G, E) X , Z, we have an exact

sequence

0 «— Hy(G(G,E)) +— Ho(N(G,E)) ““2* Hy(N'(G,E)) +— H,(G(G,E))

4

- — Hy(N(G,E)) — H2(G(G, E)) —s H{(N(G, E)) "% H,(N(G,E))

where p. is the map induced by the action p : Z ~ G(G, E) X, Z which takes (vy, n) into
(v,n+1).
@ This allows to compute H« (G (G, E)) in some cases and to compare it with K« (C*(G, E)).
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o Let G with unit space G(®) = {u, v, w} and generators a, b, ¢ such that
a-ey=e, dle, =u, a-ez =eq, dle; =D,
b'622657 h‘ez =a, b-es = ey, h|€6 =

—1
c-eg=ey), Cleg=a ', c-es=¢es, Cles =D>.

@ We get a self-similar action (G, E) on

e ey

e ‘s
u v w

e3 e

o Since G is transitive with isotropy Z, after some computations we get
K+«(C*(G,E)) 2 H«(G(G,E)) =0,

so G(G, E) satisfies the HK-conjecture of Matui.
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G-tables and the Higman-Thompson groups

@ A G-table for (G, E) with |uE"| constant is a matrix of the form

aq (%) Qun
T= 81 & - 8m ’
B B - Bm

where o;, 3; € E*, g; € GJ;EZ; and E*° = | || Z(ow) = |, Z(B)-

A G-table T determines a homeomorphism 7 of E°° taking 3¢ into «;(g; - £).

The set of all such homeomorphisms is a countable subgroup Vi (G) of Homeo(E®®),
called the Higman-Thompson group.

The topological full group of an effective étale groupoid G is
[G] := {mv | U C G full bisection},

where 7y == 1]y o (d|y) ™! from d(U) = G to t(U) = G, which is a subgroup of
Homeo(G(®).

o The AH-conjecture of Matui claims that for G effective minimal étale with G(©) the Cantor
set, the following sequence is exact

Ho(G) ® Z L5 [Gluy ~% H1(G) — 0.
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G-tables and the Higman-Thompson groups

Theorem. For a self-similar action (G, E) such that G(G, E) is effective, we have
Ve(G) 22 [G(G, E)]. In particular, [Ge] C [G(G, E)].

aq (6%) ce Qm
@ Given a G-table 7 = g & - 8&m , the correspondence
Br B o Bm

T T = Sa Uglsgl + Say ngsfiz + o+ 8o, Ug S,
defines a faithful unitary representation of the group Vg(G) in the C*-algebra C*(G, E).
@ Corollary. Assuming G(G, E) amenable, we have an exact sequence
1 — U(C(E*®)) — N(C(E*®),C*(G,E)) = [G(G,E)] — 1

that splits.
Matui proved that the AH-conjecture holds for Gg.
Question. Is the AH-conjecture true for G(G, E)?
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