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P “ submonoid of a group G (e P P Ă G , P P Ă P)

Left regular representation p ÞÑ Lp of P by isometries on `2pPq:

Lpδq “ δpq p P P,

defined first on tδq : q P Pu, then extended by linearity and continuity.

The (reduced) Toeplitz C*-algebra is the C*-algebra generated by L

TλpPq :“ C˚pLp : p P Pq.

Since TλpPq Ă Bp`2pPqq one can use spatial techniques, but estimating
norms of operators is not easy.
Given a collection tVpupPP , the question of whether whether Lp ÞÑ Vp

produces a representation of TλpPq is a hard question:

}f pVp,V
˚
p | p P F q}

?
ď }f pLp, L

˚
p | p P F q}



three classical theorems

- (Coburn ’67) S “ unilateral shift and V “ an isometry. Then the
map Sn ÞÑ V n pn P Nq extends to a homomorphism
πV : C˚pSq Ñ C˚pV q, ... isomorphism iff V V ˚ ‰ 1.

- (Douglas ’72) Let Γ be a subgroup of R. Suppose L is the l.r.r. and
V is any isometric representation of Γ` :“ ΓX r0,8q.
Then the map Lp ÞÑ Vp extends to a homomorphism
πV : TλpΓ`qÝÑC˚pV q, ... isomorphism iff VpV

˚
p ‰ 1

(for some, and hence all, p ‰ 0).

- (Cuntz ’81) Suppose L is the l.r.r. and V is an isometric
representation of P “ F`n , the free monoid on n generators
t1, 2, ¨ ¨ ¨ nu, and assume

řn
j“1 VjV

˚
j ď 1. Then the map Lp ÞÑ Vp

extends to a homomorphism πV : TλpF`n qÝÑC˚pV q,
... isomorphism iff

śn
j“1p1´ VjV

˚
j q ‰ 0.



presentations for TλpNq, TλpΓ
`q, and TλpF`

n q

- Semigroup Presentation Properness

- P “ N; v˚v “ 1, 1´ V V ˚ ‰ 0

- P “ Γ`; v˚γ vγ “ 1, vγvδ “ vγ`δ 1´ Vp V
˚
p ‰ 0

- P “ F`n ; v˚i vj “

#

1 if i “ j

0 if i ‰ j

śn
j“1p1´ VjV

˚
j q ‰ 0

Remarks:
1. universality of TλpPq (surprising for F`n because Fn is nonamenable)

2. uniqueness of TλpPq for ‘jointly proper’ representations

3. boundary quotient BTλpPq for ‘maximally improper’ representations



Constructible right ideals [Xin Li, 2012]
Definition/motivation by example:

Let’s compute L˚pLqL
˚
r Ls for p, q, r , s P P with p´1qr´1s “ e

pL˚pLqL
˚
r Lsqδx “ L˚pLqL

˚
r δsx “

#

L˚pLqδr´1sx if sx P rPpô x P s´1rPq

0 otherwise.

Assuming x P s´1rP, we continue...

L˚pLqδr´1sx “

#

δp´1qr´1sx if x P s´1rq´1pP
0 otherwise.

So L˚pLqL
˚
r Lsδx “

#

δpp´1qr´1sqx if x P P X s´1rP X s´1rq´1pP,

0 otherwise.

K pp, q, r , sq :“ P X s´1rP X s´1rq´1pP is a constructible right ideal.

Since p´1qr´1s “ e, i.e., α “ pp, q, r , sq is neutral, then

L˚pLqL
˚
r Ls “ 1Kpp,q,r ,sq



Constructible right ideals: formal definition

Let W denote the set of all words in P of even length. For each k P N

and each word
α “ pp1, p2, . . . , p2kq PWpPq

we set

9α :“ p´11 p2 ¨ ¨ ¨ p
´1
2k´1p2k , α̃ :“ pp2k , p2k´1, . . . p2, p1q and

K pαq :“ P X pp´12k p2k´1qP X pp
´1
2k p2k´1p

´1
2k´2p2k´3qP X ¨ ¨ ¨ X p

9̃αqP,

is a constructible right ideal.

Notice that 9̃α :“ p´12k p2k´1 ¨ ¨ ¨ p
´1
2 p1.

JP “ tK pαq : α PW, 9α “ eu is a semi-lattice under intersection.



universal Toeplitz C*-algebra TupPq

Definition [L-Sehnem ’21] Let TupPq be the universal C*-algebra with
generators ttp : p P Pu such that (writing 9tα :“ t˚p1

tp2 ¨ ¨ ¨ t
˚
p2k´1

tp2k )

(T1) te “ 1;

(T2) 9tα “ 0 if K pαq “ H with 9α “ e;

(T3) 9tα ´ 9tβ “ 0 if K pαq “ K pβq for α and β such that 9α “ e “ 9β;

(T4)
ś

βPF p
9tα ´ 9tβq “ 0 if K pαq “

Ť

βPF K pβq for some α and finite set
F with 9α “ e “ 9β.

Definition: Universal Toeplitz and its diagonal:

TupPq :“ C˚pttp : p P Puq “ spant 9tα : α PWu

Du :“ C˚pt 9tα 9t˚α : α PWuq “ spant 9tα : α PW, 9α “ eu

Remark : Jack Spielberg has associated a couple of C*-algebras to each
small category; one of them is isomorphic to TupPq under a somewhat
different guise. Also cf. X. Li’s booleanization of JP , C.F. Sehnem’s
product system construction.



some consequences

Relations (T1)–(T3) give Xin Li’s semigroup C*-alg C˚s pPq:

ttp : p P Pu is a semigroup of isometries generating TupPq;

t 9tα : 9α “ eu is a commuting family of projections generating Du.

Moreover,

C˚s pPq
π
ÝÑ TupPq

πL
ÝÑ TλpPq

Ds
π|D
ÝÑ Du

–
ÝÑ Dλ

πL is an isomorphism iff Eu : TupPq Ñ Du is faithful (weak containment),
e.g. if P ãÑ G amenable.

π and π|D are isomorphisms iff P satisfies independence.



independence: what it is and how it can fail
P satisfies independence iff any one of the following holds:

- K pαq “
Ť

βPF K pβq ùñ K pβq “ K pαq for some β P F .
- t1Kpαq : K pαq P J u is linearly independent.
- (T4) never applies beyond (T3).
- C˚s pPq

π
ÝÑ TupPq is an isomorphism

- Ds
π|D
ÝÑ Du is an isomorphism

Failures of independence:

Example 1 (Li ’17) Independence fails on Σ “ t0, 2, 3, . . .u Ă Z. because

K p3, 2, 2, 3q “ 2` N can be written as p2` Σq Y p3` Σq.

So DspΣq fl DλpΣq and C˚s pΣq fl TλpΣq.

Example 2 (L-Sehnem ’21) Independence fails for all multiplicative
monoids and all ax `b monoids of nonmaximal orders O in number fields.



a partial action G ýDλ

[Li ’17]: There is a partial action γ of G on Dλ such that if p P P,

γpp1Kpαqq “ γpp 9Lαq “ 9Lpe,p,α,p,eq “ Lp 9LαL
˚
p “ 1pKpαq,

and TλpPq – Dλ ¸γ,r G

[L-Sehnem ’21]: TupPq – Du ¸γ G .

This gives

Du ¸u G – TupPq
πL
ÝÑ TλpPq – Dλ ¸r G



faithful representations of TλpPq

Define P˚ :“ P X P´1 (the group of invertibles in P).

Theorem [Li ’17 ]: When P˚ “ teu, π is faithful iff π|Dλ
is faithful.

When P˚ ‰ teu we should not expect this to be true (take P “ G ).

The partial action G ýDλ restricts to an action P˚ ýDλ and

Dλ ¸γ,r P
˚ ãÑ Dλ ¸γ,r G – TλpPq

Theorem [L-Sehnem ’21]: Every nontrivial ideal of TλpPq has nontrivial
intersection with the subalgebra Dλ ¸γ,r P

˚.

Equivalently:

π : TλpPq Ñ BpHq is faithful iff it is faithful on Dλ ¸γ,r P
˚.



topological freeness and jointly proper isometries

When P˚ ýDλ is topologically free, the ideal intersection property
drops down to Dλ. The key is a result of Archbold-Spielberg.

Definition: P satisfies (TopFree) if for every u P P˚zteu and
every C Ă

fin
J ztPu, there exists q P Pz

Ť

RPC R such that uqP ‰ qP.

Definition: tWp : p P Pu is jointly proper if
ś

αPF pI ´
9Wαq ‰ 0 for

every finite collection F of neutral words with K pαq ‰ P.

Theorem [L-Sehnem ’21]: Suppose Eu : TupPq Ñ Du is faithful, P ãÑ G
satisfies (TopFree), and tWp : p P Pu satisfies (T1)–(T4).
Then Lp ÞÑWp extends to a homomorphism

TλpPq
πW
ÝÑ C˚pW q,

which is an isomorphism if and only if W is jointly proper.



boundary quotient and covariance algebra

Let ΩP :“ SpecDλ.

Theorem [Li ’17] (cf. L- Crisp ’07) ΩP has a smallest nonempty closed
G -invariant subset BΩP , and the (reduced) boundary is

BTλpPq – C pBΩPq ¸r G

By analogy, there is a full boundary, given by

BTupPq – C pBΩPq ¸u G

A presentation of the full boundary quotient can be obtained by adding
more relations to the presentation of TupPq.
The idea comes from Sehnem’s covariance algebra for product systems,
for the canonical product system with one-dimensional fibres associated
to the monoid P.



foundation sets

Definition: A foundation set for the constructible right ideal K pαq is a
finite collection tK pβq : β P F u Ă J such that

K pαq Ą
Ť

βPF K pβq and pP X
Ť

F K pβq ‰ H for all p P K pαq.

The foundation set tK pβq : β P F u is proper if K pαq Ą
‰

Ť

βPF K pβq.

Sehnem’s strong covariance ideal leads to boundary relations

(T5)
ź

βPF

p 9wα ´ 9wβq “ 0 for foundation sets (which we may assume are

proper because ‘improper ones’ are covered by (T4)). Recall:

(T4)
ś

βPF p
9tα ´ 9tβq “ 0 if K pαq “

Ť

βPF K pβq for α and F Ă
fin

P

(T3) 9tα ´ 9tβ “ 0 if K pαq “ K pβq for α and β.



“there is no (T6)”

Lemma [L-Sehnem ’21]: (T1)–(T5) is a maximal set of relations, i.e.
the quotient of TupPq by any extra relation ‘of the same kind’ is trivial.

Proof: If K pαq Ą
Ť

βPF K pβq is not a foundation set, then
pP X

Ť

βPF K pβq “ H for some p P K pαq, so tpt
˚
p ď

ś

βPF p
9tα ´ 9tβq.

If the product vanishes, then so does the isometry tp.

The full (universal) boundary quotient BTupPq is defined by:

Theorem [L-Sehnem ’21] The following are canonically isomorphic:
1. the covar. alg. C¸CP P of the 1-dim’l product system over P;
2. the universal C*-algebra with presentation (T1)–(T5);
3. the full partial crossed product C pBΩPq ¸u G .



purely infinite simple reduced boundary quotients

Theorem [L-Sehnem ’21]: TFAE

1. The monoid P satisfies condition (PI):
@p ‰ q in P Ds P P such that psP X qsP “ H.

2. every proper ideal of BTupPq is contained in the kernel of the
canonical map

BTupPq Ñ BTλpPq “ C pBΩPq ¸r G ;

3. the partial action G ýBΩP is topologically free;

Corollary [L-Sehnem ’21]: Assume P ‰ teu.

If condition (PI) above holds, then BTλpPq is purely infinite simple.
The converse holds whenever the boundary action satisfies weak
containment (i.e. BTupPq – BTλpPq via the canonical map).



pure infiniteness from b ` ax monoids of integral domains

Let R be an integral domain that is not a field and let R ¸ Rˆ be the
associated b ` ax monoid. So the multiplication is

pb, aqpd , cq “ pb ` ad , acq, b, d P R, a, c P Rˆ.

From [Cuntz ’08] and [Li ’10] we know BTλpR ¸ Rˆq is purely infinite
simple (ring C*-algebras).

We recover this verifying directly that P “ R ˆ Rˆ satisfies

(PI): @p ‰ q in P Ds P P such that psP X qsP “ H

Let p “ pb, aq and q “ pd , cq with p ‰ q. We can reduce to b ‰ d .

Case 1: b ´ d R acR. Set s :“ p0, acq. Then psP X qsP “ H because,
otherwise, b ´ d P acR, contradicting the assumption.

Case 2: b ´ d P acRˆ. Let x̄ P Rˆ with b ´ d “ acx̄ . Let r P Rˆ

non-invertible and set s :“ p0, acx̄rq. Then psP X qsP “ H because,
otherwise, r would be invertible, contradicting the assumption.



orders in number fields: uniqueness for b ` ax monoids

Definition: Let K be a number field of degree d and let OK be the ring
of integers of K (it is a Z-module of rank d). An order in K is a subring
O Ă OK that is free of full rank as a Z-module.

[Li-Norling ’16] showed that independence fails for O “ Zr
?
´3s which is

a proper subring of the ring of integers of Qr
?
´3s.

Proposition [L-Sehnem ’21]: The monoids Oˆ and O ¸Oˆ do not
satisfy independence for every nonmaximal order O in a number field.

Theorem [L-Sehnem ’21]: For every order in a number field, TλpO ¸Oˆq
is universal and unique for jointly proper isometric representations
satisfying (T1)-(T4).

Proof: The monoid O ¸Oˆ satisfies condition (TopFree).



Thank you!

 


